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Example: Seven Koningsberg Bridges

The path should cross over each of the seven bridges exactly once.

see also use of GPS to find the shortest path home (discussed in the course on

transportation).
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Example: Metro in Paris (2017)
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Example: Florentine Marriages (1430’s)

Castellani

Barbadori

X Acciaiuoli
Peruzzi

Salviati

Bischeri

Tornabuoni

Ginori
Lamberteschi
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See also R packages, sna, network, igraph to create and manipulate networks, and

ggnet2 or networkD3.
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Network Representation

Let V ={1,--- ,ny} denote either nodes, or vertices (ny is the order)

Let F € {0,1}"v*"V represents the relationships, through an adjacency matrix
A, A; ; = 1 indicates a link - or edge - between ¢ and j, or a collection of links

{e1, -+ ,en,}. Let ng = |E| denote the number of edges, called size.
The degree d(-) of a vertice v is its number of incident edges.
A network is a pair (V, F)
Examples: G = Internet, V = computers, £ = IP network adjacency
G = World Wide Web, V' = web pages, £ = hyperlink
G = Articles, V = authors, E = citations
(G = Friendship Network, V' = persons, I = friendship
G = Airport Network, V' = airports, ¥ = non-stop flight
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Example: Worldwide Airports (2017)
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Example: Internet Network (2015)

Morth America Internet network
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Example: Scientific Publications - Jean Tirole (1993)

Ofreakonometrics
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Example: CEO & Corporate Boards (2015)
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Example: ‘Friendship’ Network (2015)

¥ @freakonometrics

(Yaritt

Cressen

Salladhor @
Shireen

Ils?rio
| . AR

[ -~ Drogopy
/| Daario
Belwas ¢

Hoster

Jon Arryn . )
, Marillion Barristan f /

Kraznys
rovert Arryn i

\

. N

R'Haieg'ar\ y \O Worm
‘ Rakharo

Viserys

Mace
@ Pycelle Doran
3 Elia

Tyrion Varys

Podrick. Oberyn

KeveShae

- Chataya
JoffreMargaerygn

Myrcella Gregor

Lancel

® freakonometrics € freakonometrics. hypotheses.org

13


https://twitter.com/freakonometrics
https://freakonometrics.github.io/
https://freakonometrics.hypotheses.org/

ARTHUR CHARPENTIER, MASTER STATISTIQUE & ECONOMETRIE - UNIVERSITE RENNES 1 - 2017

Example: Weapons Exporters (2017)
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: Millions of dollars (constant 1990 PPP)
Total arms exports 2011-5 (in excess of §1 OOm] Source: Sipri, Arms Transfers Database, 2016
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Example: High School Friendship (2001)

The Social Structure of “Countryside” School District

Points Colored by Grade

from Moody (2001) Race, School Integration and Friendship Segregation in America
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Example: High School Friendship (2001)

The Social Structure of “Countryside” School District

Points Colored by Race O White
@ Black
@® Mixed/Other

from Moody (2001) Race, School Integration and Friendship Segregation in America
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Example: Romantic and Sexual Relationships

The Structure of Romantic and Sexual Relations at "Jefferson High School”

Bearman, Moody, and Stovel’s
High School Romance Data

See Bearman, Moody & Stovel (2004) Chains of Affection: The Structure of
Adolescent Romantic and Sexual Networks
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Example: Blog Network
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Applications of Networks

Amazon’s Customers Who Bought This Item Also Bought, see Yang & Leskovec
(2012) Defining and Evaluating Network Communities based on Ground-truth.

“Network was collected by crawling Amazon website. It is based on Customers
Who Bought This Item Also Bought feature of the Amazon website. If a product 1
s frequently co-purchased with product j, the graph contains an undirected edge

from 1 to 3.”

Ultimately yielded a graph of ny = 334,863 vertices and ng = 925, 872 edges.
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Networks Used in those Lectures

library (network)

data(flo)

nflo<-network(flo,directed=FALSE) Lamberteschi
nflo

Network attributes:

Ginorl

vertices = 16
directed = FALSE
total edges= 20
> plot(nflo,displaylabels=TRUE,boxed.labels=

FALSE)

Barbadori Pazzi

Castellani

Florentine Wedding Data. ny = 16 vertices (families), np = 20 edges (weddings).

From Padgett (1994). Marriage and Elite Structure in Renaissance Florence,
1282-1500
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Networks Used in those Lectures

> library (sand)

> summary (fblog)

IGRAPH NA UN-- 192 1431 b

+ attr: name (v/c), -
PolParty (v/c)

> plot(fblog)

s Analystes

Political blogs, in France. ny = 192 vertices (blogs), ng = 1431 edges

(hyperlinks).
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Networks Used in those Lectures

library(network)

r = "https://raw.githubusercontent.com/
briatte/ggnet/master/"
= read.csv(pasteO(r, "inst/extdata/nodes
.tsv"), sep = "\t")
= read.csv(pasteO(r, "inst/extdata/
network.tsv"), sep = "\t")

net = network (e, directed = TRUE)

plot (net)

Member of Parlement, on Twitter.
ny = 339 vertices (twitter accounts - MPs),

ng = 12869 edges (following).

From Francois Briattes’s https://briatte.github.io/ggnet/.
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Networks Used in those Lectures

1 > library(igraphdata)
2 > data(karate)
3 > plot(karate)

Zachary’s karate club network.

ny = 34 vertices (members),

ng = 78 edges (social interraction).
2 specific members

o Mr Hi

e John A

From Zachary (1977) An information flow model for conflict and fission in small

groups.
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Networks Used in those Lectures

library(igraphdata)

gl = graph.formula(1-2, 1-3, 2-3, 2-4,
3-5, 4-5, 4-6, 4-7, 5-6, 6-7)

g2 = graph.formula(1-3, 2-3, 3-4, 3-5, ©
5-6, 5-7r, -8, 8-9, 9-5, 9-7, 5-8, 8-10, o
10-11, 11-8, 8-12, 9-12, 12-13, 9-14)

®
O ®

g3 = graph.formula(1-2, 1-4, 1-6, 2-4, @
2-5, 2-7, 3-4, 3-8, 4-5, 4-7, 4-6, 5-7, ONO)
6-7, 6-8, 7-8, 8-9, 8-18, 9-14, 9-16,
9-10, 10-14, 10-16, 10-13, 10-12, 10-11,
10-15, 11-12, 11-16, 13-17, 14-15, @.
17-19) e ©@
plot(gl) (12
plot (g2)
plot (g3)
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Network Representation

Let V = {1,--- ,ny} denote either nodes, or vertices (n, is the order)

Let £ € {0,1}"V*"V represents the relationships, through an adjacency matrix
A, A; ; =1 indicates a link - or edge - between ¢ and j, or a collection of links

{e1, -+ ,en,}. Let ng = |E| denote the number of edges, called size.
The degree d(-) of a vertice v is its number of incident edges.

A network (or a graph) is a pair G = (V, E)

If Vi C V5 and Fq C Es, then (Vq, Fy) is a subgraph of (V3, Es).

Two vertices u,v € V are said to be adjacent (or connected) if they are joined by

an edge in F.
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Network Representation

One might consider some undirected network: consider e.g. adjacency matrix A

with ny = 4 vertices, and ngp = 4 edges (4 1’s in the upper corner of the matrix).

Remark There are no self-loops, i.e. A4;; = 0.
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Network Representation

A;; = 1if and only if ¢ and j are linked. The matrix is symmetric (4;; = A;;),

the network is undirected.

Links are £ = {12, 14,24, 34} - no need to mention {21,41,42,43} since

undirected. Hence, ng = 4.

Further, d(1) = 2, d(2) =2, d(3) =1 and d(4) = 3.
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Network Representation

Row 7 contains list of vertices connected to vertice 7.

ny
dii) =) A;;=A] 1.
j=1
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Network Representation

Here the network is directed (also called digraph).
Links are F = {(1,2),(1,4),(2,4), (4,1),(4,3)} (the 5 arrows).
or E={(1—2),(1+4),2—4),3+4)}

For edge (1,2), 1 is the source node and 2 is the terminal node. Vertices have
in-degrees and out-degrees.
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Network Representation

For the undirected graph, one can also consider the ny X ng incidence matrice T°

(ab) (ad) (bd) (cd)

0 0 )
10

0 1
d 1 1

Observe that d(v) = ZT”"” ie. d=T1.

e=1

Further TT' = D + A where D = diag|[d]
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Networks with R
Finally, the ny X ny matrix L = D — A is called the Laplacian of the graph.

One can prove that for any x € R™V,

CUTLQZ‘: Z (ZBi—ZCj)2

(4,5)eE

The normalized Laplacian is L =D '?LD~'2. Note that eigenvalues of L lie

in interval [0, 2].
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Networks with R

The goal is to embed a combinatorial object, our network, (V, E) into a

two-dimensional Euclidean space.

Clearly not unique...

The visualization of network G = (V, E) is a mapping ¢ : (V, E) — R?
No geometry in GG

Multidimensional scaling (MDS) is commonly used for visualization.

Idea: given vertex distances D = [D; ;] (shortest parth, e.g.), we want to find

Z; = ($Z',yz'), for 1 € V, so that ||2,L — 2]” ~ D@',j

Consider

min { (D1 — |12 - z)°}

Z]_,"' aznV

Possible to add some constraints, e.g. centralities
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Networks with R
e convention : straight line segments
e aesthetics : minimal edge crossing

e aesthetics : relative placement of vertices, subgraphs, etc.

@ @ © ©

© ® @0
© @ @ 0 ®@ 00

©
© 00000

33
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Networks with R

> library(network)
m = matrix(0,4,4)
colnames (m)=rownames (m)=LETTERS [1:4]
m[1,2]=m[1,4]=m[2,1]1=m[2,4]=m[3,4]=m
[4,1]=m[4,2]=m[4,3]=1

1 10
nm=network(m,directed=FALSE)

plot(nm,displaylabels=TRUE, boxed.
labels=FALSE)

34
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Networks with R

> pm=plot(nm,displaylabels=TRUE, boxed.
labels=FALSE)
plot(pm,col="white",xlab="",ylab="",
axes=FALSE ,ylim=c(min(pm[,2]) ,.4+
max (pm[,2])))
text(pm[,1] ,pm[,2],colnames(g),pos=3)
for(i in 1:nrow(g)){
for(j in 1:nrow(g)){
if(gli,jl) segments(pm[i,1],pm[i
;2] ,pm[j,1] ,pm[j,2]1)
1}
points(pm[,1] ,pm[,2],col="red",cex
=1.4,pch=19)
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Networks with R

> network.vertex.names (nm)

L] GAU U9 UEu Opo

> network.vertex.names (nm)=c("ALICE","
BOB","CHRIS","DENIS")

> plot(nm,displaylabels=TRUE, boxed.
labels=FALSE)
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Networks with R

> library(igraph)
> g <- graph.formula(1-2,1-4,2-4,3-4)
> plot(g)
> V(g)
+ 4/4 vertices, named, from 3b97949:
[11] 1 2 4 3
> V(g)$label=c("ALICE","BOB","DENIS","
CHRIS")
> V(g)8$color=c("pink",rep("light blue"
,3))
o > E(g)
o + 4/4 edges from 3b97949 (vertex mnames)

1 [1] 1--2 1--4 2--4 4--3
2 > plot(g)
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Networks with R

It is also possible to use some ggplot2 graphs

see aide mémoire

library (GGally)

library (ggnet)

library (ggplot2)

library (sna)

ggnet2 (nm)

ggnet2 (nm,mode="kamadakawai")

ggnet2 (nm,mode="circle")

>
>
>
>
>
>
>
>

ggnet2 (nm,mode="target")

® freakonometrics e freakonometrics.hypotheses.org 38


http://ggplot2.org/
https://thinkr.fr/pdf/ggplot2-french-cheatsheet.pdf
https://twitter.com/freakonometrics
https://freakonometrics.github.io/
https://freakonometrics.hypotheses.org/

ARTHUR CHARPENTIER, MASTER STATISTIQUE & ECONOMETRIE - UNIVERSITE RENNES 1 - 2017

Networks with R

1 > ggnet2(nm,node.size=6,node.color="
black",edge.size=1,edge.color="grey
")

2 > ggnet2(nm,node.size=6,color=c("tomato ®
",rep("steelblue" ,3)) ,edge.size=1,
edge.color="grey")
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Networks with R

gender

. female

2 hvh"

nm %v% "gender" = c("female","male","
male","male")

ggnet2(nm, color="gender")

ggnet2 (nm, color="gender", palette="

Set2")

gender

female

male
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Networks with R

1 > nm %4vY "value" = c(2,1,3,4)
2 > ggnet2(nm,size="value")

3 > ggnet2(nm,size="value",size.cut=2)
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Networks with R

gender
female

male

1 > ggnet2(nm,size="gender",size.palette=
c("female"=2,"male"=1))

2 > ggnet2(nm,label=TRUE,color="gender",
label.color="black",palette="Set2")

gender

female

male
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Networks with R

> ggnet2(nm,label="ALICE",color="gender
",label.color="black",palette="Set2
")
2 > ggnet2(nm,label=c("BOB","DENIS"),
color="gender",label.color="black",

palette="Set2")
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Networks with R

1 > ggnet2(nm,color="gender",palette=" gencer

female

male

Set2" ,shape="gender")
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Networks with R

> library(igraph)
> gl = graph.formula(1-2, 1-3, 2-3,
2-4, 3-5, 4-5, 4-6, 4-7, 5-6, 6-7)
> V(gl)
+ 7/7 vertices, named, from 13caOc3:
[1] 1 2 3 4 5 6 7
> E(gl)
7 + 10/10 edges from 13calOc3 (vertex
names) :
[1] 1--2 1--3 2--3 2--4 3--5 4--5 4--6
4--7 5--6 6--7
> plot(gl)
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Networks with R

h <- induced.subgraph(gl, 1:5)

plot (h)

hl <- h

h2 <- graph.formula(4-6, 4-7, 5-6,
6-7)

gl <- graph.union(hl,h2)
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plot(gl, layout=layout.circle)
plot(gl, layout=layout.reingold.tilford)
neighbors (gl ,4)
4/7 vertices, named:

[1] 2 5 6 7

> igraph::degree(gl)

1 2 3 45 67

2 334332

> clusters(gl)

$membership

1 2345 67

1111111

$csize

[1] 7

> igraph::is.connected(gl)
[1] TRUE
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Special Graphs

n(n —1)

A complete graph of size n has n vertices and edges. A;; = 1;2;.

A regular graph is a graph in which every vertice has the same degree.
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Special Graphs

A tree is a connected graph with no cycles (with parent /children,

ancestor /descendant, root /branches/leaves etc)

The networks on the right are called a

lattice, or grid graph.
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Other Types of Graphs : Bipartite Graph

More complex graphs can be generated, to visualize bipartite networks, with e.g.

players (rows) and state of nature (columns), where the matrix is a payoff matrix.

Alternative definition: a bipartite graph is one where V = V; U V5 such that there

are no edges betweens vertices V; and V5.

Note that from (Vi U Vi, F) one can define one-mode projections induced graphs
(Vl, El) and (‘/2, Eg)

Remark this topic will be discussed more in the second part.
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Other Types of Graphs : Bipartite Graph

outcome=matrix(c
(1,3,1,0,0,0,5,0,1,1,0,3) ,4,3)

colnames (outcome)=paste("state" ,1:3)

rownames (outcome)=c("ALICE","BOB","

CHRIS","DENIS")

state 2

outcome
state 1 state 2 state 3
ALICE 1 1
BOB
CHRIS
DENIS

state 1

o > outc=network (outcome ,matrix.type="
bipartite" ,names.eval="payoff")

1 > ggnet2(outc,color="mode",label=TRUE,
edge.label="payoff")
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Random Networks (and Statistical Aspects)

The degree of a vertice v is d(v), the number of vertices in V incident to v (i.e.

the number of neighbors of v)

A network is said to be sparse if

ny (ny — 1) 1
ng <K 4 ; Ord:EZdv<<nv—1
v=1

Let fs5 denote the proportion of vertices with degree d, and f = (fs) the degree
distribution, which is a summary of local connectivity across the graph.

02
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Random Graph Model

The Erdos-Renyi random graph model G, , is an undirected graph with n
vertices, such that edge (v,v") is present with probability p, independent of other
edges.

> library (igraph)

> E = erdos.renyi.game(n=12, p.or.m=.5, type="gnp")

> plot(E, layout=layout.circle)

> #hist(igraph::degree(E))

®
@
O
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Random Graph Model
Then d(v) is a binomial distribution B(ny — 1, p), i.e.

(n 5 1)195(1 —p)vte

For a large network (ny — o0), d(v) ~ N (nyp,nyp(1 — p)) from the law of large

numbers.

For a large netword with p ~ A/ny, d(v) ~ P(A)from the law of small numbers.
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Scale-free network and Power-Law
Scale-free network have degree distribution with power-law tail
A scale free function f(-) satisfies f(ax) = bf(x), Vx, for some a,b

Ex Power-law functions f(x) = x~¢ are scale-free

flax) = lax] " =a " *f(x) =bf(x), where b=a"°

log fs ~ ¢ — alogd for some constant c
Power-law exponent (negative slope) is typically « € [2, 3]
The normalized power-law degree distribution is

a—1/5\ “
— f > 0(.

More convenient to assume (for computation) that § € R (instead of N)
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Scale-free network and Power-Law

For instance, the probability that a random node has degree exceeding 100 is

©0_1/z\ “ 100\ 1
00 = [0 (2) " e (1)
o | 100 %0 \ 9o 0o

(which is also a power function, with index a — 1).

Further
a—1

Elfs] = 00

a— 2

but if a € |2, 3], Var|fs] = oo.
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Scale-free network and Power-Law

Use log-log Pareto plots to visualize fs, either on log fs,

dd.yeast <- table(degree(g))/n
ind <- (dd.yeast != 0)

d <- as.numeric(names(ind))

>
>
>
>

plot (d[ind], dd.yeast[ind], log="xy")

Poisson Distribution Power-Law Distribution

Log-Intensity
Log-Intensity

-
i
B
OO

e
O O D (0D 0D o]
I I I 1 I I I

100 120 5e+02 5e+03 5e+04

Log-Degree Log-Degree
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Scale-free network and Power-Law

or on log F'5 (survival cumulative distribution)

dd.yeast <- table(degree(g))/n

ind <- (dd.yeast != 0)

d <- as.numeric(names(ind))

plot (d[ind], 1-cumsum(dd.yeast[ind]), log="xy")

Poisson Distribution Power Distribution

Log-Survival
Log-Survival

!
100 120

100 500 1000

Log-Degree Log-Degree
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Scale-free network and Power-Law

Natural to consider the linear least-squares (LS) estimator of ¢ and «,

min {Z (log Fs — ¢+ [ — 1] 10g5)2}

)

Popular, but extremely noisy, biased (log transformations), and valid only when

d > dg

Here

fgzo‘_l(‘S) for 6 > 6o,

00 00

so that the log-likelihood function is (up to constants independent of «)

log L(« Zlogf(gocnvlog[oz—l —aZlog (6 )
00
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and the maximum likelihood estimator is then

also called Hill estimator

Usually, we consider the k largest values (so-called tail)

Hill’s plot is the graph of a; as a function of k

Remark in standard litterature on extreme value the so called o is o« — 1 from

the network litterature...
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Scale-free network and Power-Law

Threshold

955 289 194 148 121 106 96 85 77 71 67 63 60

0.95)

1 > library(evir)

> > hill (degree(g)

alpha (Cl, p

15 81 157 243 320 415 501 587 673 759 845 931

Order Statistics

® freakonometrics e freakonometrics.hypotheses.org 62


https://twitter.com/freakonometrics
https://freakonometrics.github.io/
https://freakonometrics.hypotheses.org/

ARTHUR CHARPENTIER, MASTER STATISTIQUE & ECONOMETRIE - UNIVERSITE RENNES 1 - 2017

Preferential attachment model and Power-Law
Here also it is possible to derive a stochastic network representation.

Classical model for popularity, see Yule (1925). A Mathematical Theory of
Evolution or Merton (1968). The Matthew effect in science

e with probability p, v/ connects to v randomly (uniformly),

e with probability 1 — p, v’ connects to v with probability proportional to the

degree of v

Preferential attachment model leads to rich-gets-richer dynamics

1
Degrees have a power-law distribution with tail exponent a =1+ ——

l—p
_ -(1+15)
i ((57) 1)
p p
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Degrees In Networks and Power Law

[T

T T T
10 20 30

1 > hist(igraph::degree(karate) ,breaks=
seq(0,50))
2 > data(yeast)

Igraph::degree(karate)

3 > hist(igraph::degree(yeast) ,breaks=
seq(0,120))

| I
40 60 80

Igraph::degree(yeast)
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Degrees In Networks and Power Law

dd.yeast = degree.distribution(yeast)
d = 1:max(d.yeast) -1
ind = (dd.yeast != 0)
plot(d[ind], dd.yeast[ind], log="xy",

=
[Z2]
c
3]
o
=
>
5]
2

col="blue",xlab=c("Log-Degree"),

ylab=c("Log-Intensity"))

Log-Degree
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Paths In Networks

A walk of length k from vertice vy to vertice vy is a sub-graph (V,,, E,) with

V}) — {UOa Ugy - 7UI€} and Ep — {(’UO,’Ul), (Ulan)a T (Uk—la Uk)}
A trail is a walk without repeated edges
A path is a walk without repeated vertices, and therefore with different edges.

Remark if vy = vy, a walk is said to be closed. A cycle is a closed walk with

different verticles (except vg = vg), also called circuit.
A walk from vy to vg contains a path from vy to v (remove subcycles).

If there is a walk from v to v/, then v and v’ are connected - or v’ is reachable

from v. A graph is connected if every vertex is reachable from every other.

For a digraph, it is said to be strongly connected if every vertice v’ is reachable

from every other vertice v via a directed walk.

® freakonometrics e freakonometrics.hypotheses.org 66


https://twitter.com/freakonometrics
https://freakonometrics.github.io/
https://freakonometrics.hypotheses.org/

ARTHUR CHARPENTIER, MASTER STATISTIQUE & ECONOMETRIE - UNIVERSITE RENNES 1 - 2017

Paths In Networks

@
2

Consider a network with 3 nodes and adjency matrix

> A=matrix(c(0,1,1,1,0,0,1,0,0),3,3)
> A%*7A
[,11 [,2] [,3]
[1,] 2 0 0
[2,] 0 1
[3,] 0 1
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Paths In Networks

Proposition [A"]; ; is the number of walks of length k from i to j.

Indeed, there are 2 paths of length 2 from 1 to 1: (1,2)+(2,1) or (1,3)+(3,1)

One can prove that

2k 0

AQk _ 0 ok—1  ok—1 and A2k—|—1 _

0 2k—1 2k—1

Exploration Algorithm: find the set of all vertices that can be reached by a walk
from v € V', denoted C(v).

Because of cycle properties, repeat exploration for vertices in V' C C(v).

68
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Connectivity In Networks

How to test for connectivity in a graph?

Idea : use adjacency list from a starting vertice s to explore
e Set L = M = {s} and repeat while there are still nodes to explore (L # ()
e PickuelL

o If there is an edge (u,v) € F with v € M then select one , and set
L=LU{v}and M =M U {v}

o Otherwise prune, i.e. L = L\{v}

Exploration is of order 2ny, each node is added and removed once.
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Connectivity In Networks

M
2
1
5
6

click to visualize the construction
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Connectivity In Networks

This algorithm can be improved,
Breadth-first search (BFS): u should be the first element of L
Depth-first search (DFS): u should be the last element of L
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Connectivity In Networks: BFS

M
2
1
5

click to visualize the construction
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Connectivity In Networks: DFS

L
{2}

{2, 1}
{2,1,4}
{2,1,4, 3}
{2,1,4,3,7}
{2,1,4, 3}
{2,1,4,3,8}
{2,1,4, 3}
{2,1,4}
{2,1,4,6}
{2,1,4,6,5}
{2,1,4,6}
{2,1,4}
{2, 1}
{2}

{}

click to visualize the construction
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Connectivity In Networks

Another important concept is related to resilience of networks to the removal of

some vertices.

As vertices are removed, shortest paths distances increase (can even be infinite

when the network is disconnected).

Important in epidemiology and vaccination models.
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Connectivity In Networks

The shortest path between two vertices (or nodes) in a graph is such that the

number of its constituent edges is minimized.
This shortest path is often referred as the geodesic distance
The longuest shortest path in a graph is the diameter of the graph

more generally, the sum of the weights of its constituent edges is minimized.
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Shortest Path and Dijkstra’s algorithm

(initially designed for a digraph, with possible costs)
Start with S = {v}, 6(v,v") =11if A, ,» =1, oo otherwise.
Until S =V : if there is v’ ¢ S such that A, =1, Vu € S, then S =V U {v'}

and

6(v") = min{d(v"),d(u) + 1}
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Shortest Path and Dijkstra’s algorithm

Example
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Shortest Path and Dijkstra’s algorithm

m["u",1:4]

2 3 4

1 00

(m %*% m)["u",1:4]

2 3 4

1 2 0

(m %*% m %*% m)["u",1:4]
2 3 4

2 2 2

Proposition Dijkstra’s algorithm find the shortest path in O(n?) time, from u

to any other vectice V.

see also Floyd—Warshall algorithm
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Friendship Paradox
People typically have fewer friends than their friends

Consider a vertex v € V| in the undirected graph G = (V, F), and let d(v) denote
the number of edges touching it (i.e. v has d(v) friends).

The average number of friends of a random person in the graph is

Zdv QnE

’UEV

The average number of friends that a typical friend has is

1
d(v
v veV ( UEZE )

(25

veV v'eR

79
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Friendship Paradox

AW)? + @)\ _ ()~ d(v))’
A(w)d() )ZG( o)

w2 (a0 2 ) > o 3

Remark This can be related to the variance decomposition
Var[X] = E[X?] — E[X]? thus
E[X?]
E[X]

Var| X]

=EX]+ T

> E[X]

(Jensen inequality).

See Feld (1991) and Zuckerman & Jost (2001)
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Centrality In Networks : Degree Centrality

The goal is to understand who is important, based on their network position.

“There is certainly no unanimity on exactly what centrality is or on its
conceptual foundations, and there is little agreement on the proper procedure for

its measurement” Freeman (1979)

Remark simple question such as which vertice is central can be replaced by
more interesting ones, such as what percentage of vertices is crucial to the

network connectivity 7
He or she who has many friends is most important, divided by the maximum

possible ny : for a vertice v, Cp(v) =
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Centrality In Networks : Degree

1 > plot(g,vertex.size=degree (ng))
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Centrality In Networks : Degree

1 > A = get.adjacency(gl, sparse=FALSE)

2 > ng = network::as.network.matrix (A)

3 > sna::gplot.target(ng, degree(ng),circ
.col="skyblue",vertex.col=c("blue",

rep("red", 5), "yellow"), edge.col

="darkgray")

4 > degree (ng)

5 [1] 4 6 6 8 6 6 4
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Centrality In Networks : Heterogeneity

How much variation is there in the centrality scores among the nodes?

One can define a centralization index, using any dispersion measure (variance,

Gini index).

Freeman’s centralization is based to the distance to the maximum

: S [d(v*) — d(v)]

(ny = 1)(ny —2) &=

Cp =

where v* = argmax{d(v)} (supposed to be unique).
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Centrality In Networks : Betweenness

How many pairs of individuals would have to go through you in order to reach

one another in the minimum number of hops?

The betweenness centrality of a node v is

Cp(v) Z 7at(V)

o)
SHEVFL st

where o is the total number of shortest paths from node s to t, and o4 (v) is

the number of those paths that pass through wv.

1/5 1/5

0 8/15  8/15 0
O—0—0—"~080—0—-0
1/3 9/15 1/3
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Centrality In Networks : Betweenness
QCB(’U)
(nv — 1)(nv — 2)

vertices excluding the vertex itself), another one is Cz(v) =

(number of pairs of

CB(U) — minC’B

max C'g — minCpg

One possible normalization is Cp/ (v) =

Computation time can be very long, O(n3,), but one can reach O(nyng), using

Brandes (2001) A faster algorithm for betweenness centrality

v* = argmax{C'p(v)} is seen as the controler of information flow
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Centrality In Networks : Betweenness

> A = get.adjacency(gl, sparse=FALSE)

> ng = network::as.network.matrix (A)

> sna::gplot.target(ng, betweenness (ng)
, circ.col="skyblue",vertex.col=c("
blue", rep("red", 5), "yellow"),
edge.col="darkgray")

> betweenness (ng)

[1] 0.000 6.667 4.000 10.333 5.333
1.667 0.000
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Centrality In Networks : Betweenness

1 > plot(g,vertex.size=betweenness (ng))
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Centrality In Networks : Degree vs. Betweenness
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Centrality In Networks : Closeness

Closeness is based on the length of the average shortest path between a vertex

and all vertices in the graph,

1
>, dist(y,v)

where dist is the geodesic distance, and normalized Closeness Centrality is

CC (U) or CC (’U)

Co(v) =

CC/ (U) =

ny nv—l

1/11g ~ @l/11 1/12 1/12

1/11 1/61/11 1/12/ 1/12 1/21 1/13 1/13 1/21
o—0—0—0—0—0—0

Computation time is O(n%, logny + nyng) on sparce network.

v* = argmax{C¢(v)} is the most approachable vertice.
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Centrality In Networks : Closeness

A = get.adjacency(gl, sparse=FALSE)
ng = network::as.network.matrix (A)
sna::gplot.target(ng, closeness(ng),
circ.col="skyblue",vertex.col=c("
blue", rep("red", 5), "yellow"),
edge.col="darkgray") it
> closeness (ng) o ®
[1] 0.5000 0.6667 0.6000 0.7500 0.6667

0.6000 0.5000

o.:w).nm.mm.mm.m.e
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Centrality In Networks : Closeness

Q,

1 > plot(g,vertex.size=closeness (ng))

® o
G ©
©

@

09
e
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Centrality In Networks : Eigenvector Centrality

@
2

Consider a network with 3 nodes and adjency matrix

> A=matrix(c(0,1,1,1,0,0,1,0,0),3,3)
> AY*x7A
[,11 [,2] [,3]
[1,] 2 0 0
[2,] 0 1 1
[3,] 0 1 1
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Centrality In Networks : Eigenvector Centrality

Indeed, there are 2 paths of length 2 from 1 to 1 : (1,2)+(2,1) or (1,3)+(3,1)

One can prove that

0 0 2k 9ok
ok=1 | and A%t = | 9ok o ¢
ok—1 280 0

> eigen(A)
$values
[1] 1.414214 0.000000 -1.414214

$vectors

[,1] [,2] [,3]
[1,] -0.7071068 0.0000000 0.7071068
[2,] -0.5000000 -0.7071068 -0.5000000
[3,] -0.5000000 0.7071068 -0.5000000
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Centrality In Networks : Eigenvector Centrality

Eigenvalues are {v/2,0, —v/2}. Eigenvector with positive components associated
to the largest eigenvector (see Perron-Frobenius theorem) is

m:%(\@,l,l)

> eigen_centrality(g)
$vector

1 2 3
1.0000000 0.7071068 0.7071068

$value

[1] 1.414214
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Centrality In Networks : Eigenvector Centrality

This eigenvalue centrality score is related to the following (recursive) equation

ueM(v)) uck

where M (v) is the set of neighbors of v, or equivalently
AC E X C E

which is an eigenvector equation, AC' g = AC'g for some .
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Centrality In Networks : Eigenvector Centrality

Theorem [Perron—Frobenius] Let A = (a;;) be an n x n matrix with positive

entries, a;; > 0 for 1 <4,7 <n, then

e There is a positive real number r, called the Perron—Frobenius eigenvalue,
such that r is an eigenvalue of A and any other eigenvalue (possibly,

complex) is strictly smaller than r in absolute value

e There exists an eigenvector & of A with eigenvalue r such that all

components of & are positive

e There are no other positive eigenvectors except positive multiples of x

Proof Meyer (2000) Matrix analysis and applied linear algebra

Hence, A is Perron—Frobenius eigenvalue, and Cg is the (normalized) eigenvector
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Centrality In Networks : Eigenvector Centrality
Other related measures can be considered.

Katz status index is a weighted count of all paths coming to the node, attenuated
with factor (.

Define the vector of Bonacich centralities of parameter 3, for u € R

b1(G,B) =) _ B"AM = (I-BA]"" - D)1

h>1

if B is smallest than the inverse of the largest eigenvalue, see see Bonacich (1987),

or

b1 (G, B) = Bl — BA] " AL
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Centrality In Networks : Eigenvector Centrality

A = get.adjacency(gl, sparse=FALSE)

ng = network::as.network.matrix (A)

sna::gplot.target(ng, evcent(ng),
circ.col="skyblue",vertex.col=c("
blue", rep("red", 5), "yellow"),
edge.col="darkgray")

1+ > evcent (ng)
[1] 0.2358069 0.3622484 0.3416056

0.5038536 0.4215946 0.4129477
0.3071490
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Centrality In Networks : Eigenvector Centrality

1 > plot(g,vertex.size=evcent (ng))
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Centrality In Networks : Katz Centrality
Centrality measures we’ve seen use the shortest path between pairs of vertices.

Katz centrality measures considers the total number of paths between pairs of

vertices.
oo Ny

Cr(i) =) Y o*(A");

k=1 j=1
with some attenuation coeflicient .

Remark o has to be smaller than the inverse of the largest eigenvalue of the

adjacency matrix A.

One can also write

Cx=(I—aA"]"t =D1

Can be related to random walks on a graph : from vertice v, with probability «

move to a neighbor of v, and with probability 1 — a move to any vertice in V.
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Centrality In Networks : Google page rank
Score of a page is proportional to the sum of the scores of pages linked to it

Define P = D' A where D = diag(d) is the diagonal matrix of degrees
(out-degree for internet pages), and consider the following update rule

RMw)y= Y iRUf—l)(u) ie. R® = pTR*-1
ueM (v) U

initialized with R(®) =1 /Ny . Or consider some scaled version

117
N,

~T ~
R® =P R*Y where aP + (1 — )

where the scaling factor § is typically around 0.85

Remark power iteration converges to the dominent eigenvector of P.
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Centrality In Networks : Comparison

A <- get.adjacency(g, sparse=FALSE)

ng <- network::as.network.matrix (A)

>
> library(network)
>
>

library (sna)
> which.max(sna::degree (ng))
[1] 13
> which.max(sna::betweenness (ng))
[1] 8
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Centrality In Networks : Comparison

A <- get.adjacency(g, sparse=FALSE)
library (network)

ng <- network::as.network.matrix (A)

>
>
>
>

library (sna)

> which.max(sna::closeness (ng))
[1] 9

> which.max(sna::evcent (ng))

[1] 3

None is wrong, they just focus on different no-

tions of ’importance’
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Network Stability
Need a metric on the space of networks. Let G; = (E1,V) and G2 = (E», V)

A(Gl, GQ) = Z ‘]—eEEl — 166E2‘

ec EF1UFE>5

A centrality measure C' is said to be stable if for any v € V' and any graphs G,
and G,

C9 (v) = C%2(v)] < KA(G1, Ga)

for some constant x (see Lipschitz continuity).

Idea: the importance of nodes should be robust to small perturbations in the

graph.
For instance, one can prove that for the degree

C5 (v) = CB*(v)| < A(G1,G2)
thus, degree centrality is a stable measure.

Nevertheless, the betweeness centrality is not a stable measure
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Inference and Networks

Recall classical statistical tools: consider a sample of observations
x = {xy, - ,x,} from ii.d. random variables X1,--- , X,,, with distribution F'.

Assume that F € F = {Fp,0 € O}
Consider some point estimator = s(x1, - ,Tn)

Estimator can be seen as a random variable 6 = (X1, , Xn)

The bias is E[é\] — 0 and its standard-error Var[é\]l/ 2. The mean squarred error is

AN AN AN AN

mse[d] = E([0 — 0]°) = bias[]* + Var[f]
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Sampling Within Graphs

Survey sampling is a standard tool in socio-economic studies
Network sampling designs provide an alternative

see McCormick, He, Kolaczyk & Zheng (2012) Surveying hard-to-reach groups

through sampled respondents in a social network

Let G = (V, E) denote a network, and let #(G) denote a statistics of interest, e.g.

e the number of nodes ny
e the number of connexions ng

e the degree d, of a node v

using a sampled subgraph of G is maybe not a great idea...
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Sampling Within Graphs

Measurements are usually on a portion of the complex population.

Here, we cannot observe G = (V, E) but only G* = (V*, E*), a subgraph of G.
Consider some statistics of interest on the graph, 6(G).

Can we consider the natural plug-in estimator 8 = 6(G*) ?

1
Consider the case where 6(G) is the average degree, (G) = —
n

could we sample 7
e sample n vertices V. = vy, -+, v, (without replacement)
o for each v, € V¥ observe incident edges (vg,v) € E

o observe edges only when vertices are in V*, v, € V.* and vy, € V.*.
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Sampling Within Graphs

The first technique is fine, § ~ 0(G) but the second one under-estimate 0(G)
(actually, 8 ~ nf(G)/ny).

Necessary to incorporate effects of random sampling.
Consider there the mean u of y;’s.

Let m; denote the probability to have individual ¢, in the sample.

See Horvitz-Thompson’s estimator (see Horvitz & Thompson (1952)): unequal
probability sampling necessitates unequal weights when averaging : use inclusion

probabilities as weights.
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Sampling Within Graphs

_ 1 7;
An unbiased estimator of u is pgr = — Z Yy
m

tEsample

~ 1 - Y; Ce yz
E =K | — g Las th 1 = — E
\fipT] ) D (7 is in the samp (3)
—Z,

Further

1 mn
Varlfint] = — > vy (W 1)
i,j=1 i

The main problem here is to compute 7’s. Furthermore

m

1 K(1-m 1
Varli = 5 3 (7 )+ O
1=1

i i#j=1

where 7; ; is the probability to have 7 and 7 in the sample.
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Sampling Within Graphs

Example with simple random sampling (without replacement)

n(n —1)
m(m —1)

Ti,j =

but need to know m.

Use the mark and recapture estimator (see Chao et al. (2001)) to estimate m.
Consider two samples &7 and Ss.

Step 1: mark all units in sample &7 of size nq

Step 2: create a sample Sy of size ns

Card(S;)Card(Ss)
C&I’d(Sl M 82)

m =

Complicated to estimate if the population is V' (vertices) or E (edges).
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Sampling Within Graphs : Induced Subgraph Sampling
Idea: take n vertices, set V,,, and observe all edges in the subgraph induced by V,,,

—1
ﬂi:ﬁandm-j: n(n )
ny ’ ny(ny — 1)

for vertices inclusion. See friendship

=k "’"
v,-‘:i .ﬁk
‘

click to visualize the construction
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Sampling Within Graphs : Incident Subgraph Sampling

Idea: take n edges, set E,,, and observe all vectices incident to edges in E,,,

—1
Wi:iandﬂ'ij: n(n )
ny ’ ny(ny — 1)

See phone calls

Vertices inclusion probabilities are here

("= ")

m; = P[vertice ¢ is sampled] =1 — —*—*n
ng

if n <ng —d; (1 otherwise).
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Sampling Within Graphs : Incident Subgraph Sampling

N _
SVl = SN
— -'\\
/‘.

click to visualize the construction
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Sampling Within Graphs : Star Sampling

also called Snowball Sampling

Idea: start with an initial vertice sample Vj and observe all incident edges, as

well as all vertices sharing those edges. Iterate to have n edges.

click to visualize the construction
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Sampling Within Graphs
Link Tracing

Idea: start with an initial vertice sample Vj and observe some incident edges
(called ’links’), as well as all vertices sharing those edges. Iterate to have n edges.

Path Sampling

Select a set of source edges, and target sources, and consider some shortest paths
from each source to all targets. Called Traceroute sampling. One can prove that

o] — (1 _ Lﬁ) exp (_Eﬁbi)
nNeg Ng neg Ng

1 s Ty,
Tij ~ 1 —exp | ———"b;
np Ng

where b; is the betweness centrality of vertice ¢ and b; ; is the betweness

centrality of edge (i, 7).
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Sampling Within Graphs

click to visualize the construction

see Dall'Asta et al. (2006) for more details.
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Contagion Within Graphs

emotion /behaviors of individuals being influenced by the group(s) to which they

belong

see Christakis & Fowler (2009) Connected : The Surprising Power of Our Social
Networks and How They Shape Our Lives

challenge of distinguishing social contagion from ordinary homophily
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Network Cohesion
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Network Cohesion
Do friends of peoples tend to be friends together?

The cohesion can be related to density, clustering, connectivity or transitivity

(the friend of your friend is likely to be your friend) etc.

The density of a sub-graph H C G is defined as

QREH

density(H ) = R P
H H

where H = (Vy, Eyy), which is the number of edges over the maximum number of
edges (based on the number of vertices).

> graph.density(gl)

[1] 0.4761905

> graph.density(g2)
[1] 0.1978022

Usually, we consider for H the neigbourhood of a vertice v.
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Network Cohesion

A clique is a complete subgraph of G.
Note that large cliques are rare, since a single missing edge de-
stroys the property.

A sufficient condition to have a clique of size n is

2
nvn—2

ng >

A k-core G* is a subgraph of G such that d,x > k for all kK € V*, and G* is

maximal.

Here, degrees are computed on the subgraph G*.
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Network Cohesion

A get.adjacency (g2, sparse=FALSE)
ty= network::as.network.matrix (A)
cores = graph.coreness(g2)
sna::gplot.target(ty, cores, circ.col

="skyblue", usearrows = FALSE, (:)

vertex.col=cores, edge.col=" <:>
darkgray") (:)
V(g2)$color = cores

plot (g2) @) .QD'.
©
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Network Cohesion

Note that clustering is related (heuristically) on cycles among 3 vertices
(triangles).

A (v) is the number of triangles in G that contain v

7A(v) is the number of connected triplets in G with two edges

incident to v

One can define an aggregate local clustering coefficient, cluster(v) =

Let V5 denote the subset {v € V,d, > 2}, then set

1
cluster(G) = — Z cluster(v)

n
Va2 veEVs

the clustering coeflicient, and a transitivity coefficient

> _wvey, cluster(v) - 74 (v)

ZU€V2 TA (U)

transitivity (G) =
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Network Cohesion

> transitivity(gl)
[1] 0.45

> transitivity (g2)
[1] 0.3673469

One can also look for network partitioning, i.e. community detection

e vertices in a group should be well connected among themselves

e vectices in different groups should be well separated

Hieractical clustering and spectral partitioning
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Partitioning Networks

We seek a segmentation in natural subsets, i.e. a partition of the set of vertices.

A subset of vertices is said to be cohesive if

e vertices are well connected among themselves (within a subset)

e vertices are well separated from the remaining vertices (between subsets)
i.e. given a partition {Cy,---,Cy}

e between: E(Cy,Cy ) set of connecting vertices in Cy, to vertices in C is
relatively small in size compared to

e within F(Cy) and F(Cy ), eddges connecting vertices within subsets

Application community detection in social media
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Clusters Within Graphs
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Clusters Within Graphs

Hierarchical clustering (greedy approach, since we iteratively modify partitions)

Can be either forward or backward,

e successive coarsening of partition, by merging
e successive refinement of partition, by splitting

with two extramal partitions, V and {{v1}, - ,{vx}}.

Dendogram-based representation.

(1) Need a cost measure to quantify (dis)similarity between pairs of vertices.

(2) Need to aggregate (dis)similarities on subsets Cy and Cp/

e classical single linkage

e common linkage
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Clusters Within Graphs

e Ward’s method

Euclidean Similarity

Neighborhood-based Similarity

ds;j =

where A; ; is the number of neighbors shared by ¢ and j
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Clusters Within Graphs
One can use modularity, from Newman (2004)

Heuristically, we choose a partition C that deviates most in modularity from
what is expected at random from a collection of graphs with the same degree

distribution as G.

Consider a partition C = {C1,--- ,Ck}. Given two clusters ¢ and j, define f; ;(C)

the fraction of edges connecting vectives in C} to vertices in C}.

Modularity of C is

mod(C) = Z[fkk(c) — fl:,k]

k

where f;, is the expected value of fi ) under some random edge assignment.
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Clusters Within Graphs

One can also consider spectral partitioning based on spectral (eigenvalues) of a
matrix related to network GG, e.g. adjacency matrix A or Laplacian matrix L.

On A, calculate ny eigenvalues and eigenvectors,

(Aisui), with A <X <--- <A

Start with the largest (absolute value) eigenvalues,

vertices corresponding to particularly large positive or negative entries, in
conjunction with their immediate neighbors, are declared to be a cluster

On L =D — A, recall that @' L = » (z; — x;)°
1,7
The closer ' Lz is to zero, the more similar the elements of x at adjacent

vertices in V. So the Laplacian provides some sense of the ’smoothness’ of

functions x on the network.

® freakonometrics e freakonometrics.hypotheses.org 130


https://twitter.com/freakonometrics
https://freakonometrics.github.io/
https://freakonometrics.hypotheses.org/

ARTHUR CHARPENTIER, MASTER STATISTIQUE & ECONOMETRIE - UNIVERSITE RENNES 1 - 2017

Spectral Partitionning

k.lap <- graph.laplacian(karate)
eigk <- eigen(k.lap)
plot (eigk$values, col="blue")

f.vec <- eigk$vectors[, 33]

faction <- get.vertex.attribute(
karate, "Faction")
.colors <- as.character (length(
faction))
f.colors[faction == 1] <- "red"
f.colors[faction == 2] <- "cyan"
plot (f.vec, pch=16, col=f.colors)
abline (h=0, O0)

® freakonometrics e freakonometrics.hypotheses.org 131


https://twitter.com/freakonometrics
https://freakonometrics.github.io/
https://freakonometrics.hypotheses.org/

ARTHUR CHARPENTIER, MASTER STATISTIQUE & ECONOMETRIE - UNIVERSITE RENNES 1 - 2017

Clusters Within Graphs
Walktrap

This algorithm finds densely connected subgraphs by performing random walks.
The idea is that random walks will tend to stay inside communities instead of

jumping to other communities.
see Pons & Latapy (2005)

Edge Betweenness

This algorithm is the Newman & Girvan (2003) algorithm. It is a divisive

algorithm where at each step the edge with the highest betweenness is removed
from the graph. For each division you can compute the modularity of the graph.
At the end, choose to cut the dendrogram where the process gives you the

highest value of modularity.
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Clusters Within Graphs

Fastgreedy
This algorithm is the Clauset, Newman & Moore (2004) algorithm. In this case

the algorithm is agglomerative. At each step two groups merge. The merging is
decided by optimising modularity. This is a fast algorithm, but has the
disadvantage of being a greedy algorithm. Thus, is might not produce the best
overall community partitioning, although I find it useful and accurate.

Spin-glass
This algorithm uses as spin-glass model (Sherrington & Kirkpatrick (1975)) and

simulated annealing to find the communities inside a network.

See Reichardt & Bornholdt (2006)
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Clusters Within Graphs

> kc = fastgreedy.community(gl)
> length (kc)

[1] 2

> sizes (kc)

Community sizes

1 2

4 3

> membership (kc)

1 2345 67
2221111

> plot(kc,gl)

> dendPlot (kc,mode="phylo")
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Clusters Within Graphs

> kc <- fastgreedy.community(karate)
> length (kc)
[1] 3
> sizes (kc)
Community sizes
1 2 3
18 11 b5
> plot (kc,karate)
> dendPlot (kc ,mode="phylo")
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Clusters Within Graphs

> kc <- fastgreedy.community(g2)
> length (kc)
[1] 4
> sizes (kc)
Community sizes
1 2 3 4
5 4 3 2
> membership (kc)
i 3 2 4 5 6 7 8 9 10 11 12

1 > plot(kec,g2)
i2 > dendPlot (kc,mode="phylo")
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Small Word Property

“I read somewhere that everybody on this planet is separated by only six other
people. Six degrees of separation. Between us and everybody else on this planet.
The president of the United States. A gondolier in Venice. Fill in the names. . .
. How every person is a new door, opening up into other worlds. Six degrees of
separation between me and everyone else on this planet. But to find the right siz

people...” Guare (1990) Six Degrees of Separation

The small world property is mathematically intuitive: if the number of vertices
within a given distance of a specific node growth exponentially with the distance,

then the average path length increases a logny, .

Formally, we talk here about the average path length

7= ('”’V) B 3" d(u,v) = Olog )

2
UFV

Intuition: if d, = d, if we reach everyone after k& hops ny ~ d* i.e. k = O(logny)
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Small Word Property

“Fach person in the world (at least among the 1.59 billion people active on
Facebook) is connected to every other person by an average of three and a half
other people. The average distance we observe is 4.57, corresponding to 3.57

intermediaries or ‘degrees of separation™, see Bharat et. (1990) Three and a half

degrees of separation

An alternative is based on the harmonic mean, related to graph efficiency

2
1 — d-1
e =) 2

>
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Homophility and Mixing

As seen in the introduction, people have a strong tendancy to associate with

equals, i.e. homophily or assortative mixing.

Consider some categories (partition) {C4, - ,Ci}.

Let f;; denote the fraction of edges joining vertices of categories C; and C).

fi=> fijand f;=>f;
j i

Define

The assortativity coefficient is

P i fifa
4T L—> . fifi

see Newman (2003) Mixing patterns in networks

Here f;.f.; the the expected fraction of edges joining nodes in C}.
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Homophility and Mixing
Pertect homophily means R4 = Rj = 1, the upper bound while the lowe bound is

. Zz fzfz .
L= fofa

R, = 1

An alternative is based on

trace(f) — || £]°
R =
1 —lf]7
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Homophily and Schelling Model

Example Students sitting in dining halls (men/women, and ethnic groups)

MNble Demographics m Adams Hoese Dining Hall Fi DIAGRAM 1.2
for tmv 2 drwnere ¢ .
e May 8. 1597
B

SEX — A S . T abe
Time recordod was 630 PM for each maght oMo V¥

FF MMM
DIACREAM 1.1
;e ~ 1997 Fr Pt il
BY RACE — A = Asgian, B = Black, H = Hispanic, W = While F MAMIE
ER WA HRRE - -
BB WA HBREE FFFF

e — FFF FFFF
W - WA W FE™

WWW WA W FEMM
WY A MMFF
WWww W FFMM
AWEES W i

AWELERR L MMM
WAWA BB MM
BEW A [E{ L] FFF

BBBB W v
BEBE w EF e
F

W HWW e
R M A\g Sﬂmﬂl{lf. Lewel — 81

B- W A
W W W

Awve. Sogregastson Level = B9

Population divided in two types, each individuals wants at least a proportion

t € [0, 1] of his neighbors with his own type (say 50%).
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Homophily and Schelling Model Unsatisfied individuals move.

There is an externality from the move, with a cascading effect.

Need to define a neihbourhood, a preference function, a moving rule (consider

either exchanges or empty space).

Schelling model generates segregation beyond what people really want, see
Chapter 4 in Easley & Kleinberg (2010).

Fixed and unchanging characteristics (gender, ethnicity) can be highly correlated

with mutable chaacteristics (location).
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Testing for Homophily

Consider a netword (V, E), with n edges. Let x. be
an indicator variable if e is a cross edge (in blue on

the graph).

_ 1 5
w:@Z%:l_S

eck

Let p denote the proportion of one type (say
Here p = 1/3.

In a random graph, X.’s are i.id. random variables B(2p(1 — p)).
Use a standard t-test: Hg : X > 2p(1 — p) against Hg : X < 2p(1 — p)
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Testing for Homophily

> p=2/3
> ne=length(E(g))

> nce=5H

> (x=c(rep(l,nce) ,rep(0,ne-nce)))
[1] 1 1 1 11 00 0 O0OO0OO0O0OOOOOOO
> t.test(x, alternative = "less", mu=2*p*x(1-p))

One Sample t-test

data: x
t = -1.5342, df = 17, p-value = 0.07169
alternative hypothesis: true mean is less than 0.4444444
95 percent confidence interval:
-Inf 0.4667556
sample estimates:
mean of x
17 0.2777778
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Moving Along a Network: Markov Chains

Consider a network (V, E') with n vertices and set Z = {1,2,--- ,n}.

Edges where related to the n x n adjency matrix A = [A; ;] with 4; ; € {0,1}.
|A; ;] is the vector of indicators of connexions between vertice ¢ and j.

Instead, consider a transition probability vector P; € S*~! where

St = {u € R", such that Zuz = 1}

1=1

Matrix P = [p; j,t,J € Z] is a stochastic matrix, or transition matrix, if each row

P; = [pi,j € Z] is a probability measure on Z.

1 —« Q l-a 1-0

Matrix P = is a stochastic matrix on the set
6 1-p «

of vertices {1,2} if a, 8 € [0,1] . 3
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Moving Along a Network: Markov Chains

1/2 1/2 0

Matrix P = 2/3 0 1/3 is a stochastic matrix on the
0o 2/3 1/3

set of vertices {1, 2, 3}.

1/5 1/5 3/5
Matrix P = 0 1/2 1/2 is a stochastic matrix
1 0 0
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Moving Along a Network: Markov Chains

1/2 1/2 0
Matrix P =] 1/2 1/4 1/4 | is a stochastic matrix 1/2
0 1/3 2/3 1/2
Consider a sequence of random variables (X, )peny on V =Z.
This sequence is a Markov Chain if for all n > 1, and any ¢g,%1,...,%—1,tn, tni1
such that P(Xy = ig,..., X, =1,) > 0, we have
P(Xni1 = tnt1|Xn =0n, X0 1 =ip_1,..., X0 =10) = P(Xpnit1 = ine1|Xn = in),

so-called memoryless property.

A Markov Chain (X,,),en is said to be homogeneous if P(X,,11 = ip11| X, = in)
does not depend on n.
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Moving Along a Network: Markov Chains
A sequence of random variable on Z, (X,,),en is an homogenous Markov chain
with initial probability A (on Z) with transition matrix P = [p; ;] if

e X has distribution A, i.e. P(Xg =1) = Ay,

e the probability that X, 11 = 7 given X,, =1 is p; ;, l.e.

P(Xpni1 =J[Xn =1) = Dij-

P is the matrix of one-step-ahead transition probabilities.
P¥ is the matrix of k-step-ahead transition probabilities.

Hence, if (X,,)nen is a Markov chain with initial distribution A and transition
matrix P, then for n,k € N,

o P(X, =i)= (AP"),

. . k
o P(Xpnik =j|Xn=1)= p’g,j) — [Pk]i,j
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Moving Along a Network: Markov Chains

Similarly, one can prove that for any h =1, ...,k — 1,

P(XnJrk — ]‘Xn = Z) = Z P(XnJrk — j|Xn+h = U) X P(XnJrh = U‘Xn = i),
veV

since P* = P" x Pk_h, or

}: (k—mn)
pm pzv XDPuj
veV

which are the so-called Chapman-Kolmogorov equations.
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Moving Along a Network: Markov Chains

1 — «
Consider transition matrix P =

Then P? yields

(1—a)*+ap

+046
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Moving Along a Network: Markov Chains

Consider a Markov Chain (X,,),en with initial distribution A, and transition
matrix P, then j is reacheable from ¢ if P(X,,41x = j| X, =¢) > 0 for some k € N,
denoted: — 5. We will say that ¢ and j are connected, denoted 7 <+ 5 if ¢ — 7 and
] — 1.

Note that 7 — j if there is £ € N such that p,gjkj) > 0.

Note that if 1 — 7 and 5 — k, then 7 — k.

The set of connected states is related to connected subgraphs.
A class C € 7 is closed if 1 € C and ¢ — 5 implies that j € C.
If 7 is closed, the chain is irreductible.

A vertice i is said to be absorbing if {i} is closed (and p;; = 1).
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Moving Along a Network: Markov Chains

Consider a Markov chain (X, ),en with initial distribution A and transition

matrix P. Given A C Z, define 74 as
TA(w) = inf{n >0, X, (w) € A}

i.e. the time before reaching A for the first time.

Define
paji = P(14 < 00| Xg =1).

The average time before reaching A from vertice i is

e =E(ta|Xo=1) = Y nP(ra4 =n)+ooP(r4 = ).

n<oo

152
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Moving Along a Network: Markov Chains

Observe that p 4 = (p.ji)icr is the (positive) minimal solution of

PAji = D jerPig Xpay; ifigA

Observe that e4 = (e4;)icr is the (positive) minimal solution of

€A|i:0 ifie A
€A|i:1+2j¢Apz’,j ><€A|j if’i%A
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Moving Along a Network: Markov Chains

Let (X?) denote a Markov Chain starting from vertice x € Z. x is said to be

1. transient for P if P(T, < o) < 1,

2. recurrent for P if P(T, < o0) = 1.

A distribution X on Z est dite invariant for P if AP =X or A = PA.

Let P denote an irreductible stochastic matrix. P has an invariant measure if

and only if the is a reccurent vertice.

Let P be an irreductible stochastic matrix, with invariant measure 7. Let
(Xn)n>0 denote some Markov Chain with transition matrix P, and some initial
distribution A, then

P(X,, =j) = m; as n — oo, for all j.
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Moving Along a Network: Markov Chains

> alpha=.2; beta= .3
> P = matrix(c(1-alpha,beta,alpha,l-beta) ,2,2)
> P
[,1] [,2]
[1,] 0.8 0.2
[2,] 0.3 0.7
> PUh*hPh*hPh*xLPh*xLPh*hPh*hPh*xLPh*xhPh*hPh*PY*7 P
[,1] [,2]
[1,] 0.6000977 0.3999023
[2,] 0.5998535 0.4001465

Here the limiting distribution is proportional to (3, 2)
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Moving Along a Network: Markov Chains

Since w = P, 7 is an eigenvector of P associated with eigenvalue 1

> eigen(t(P))
$values
[1] 1.0 0.5

$vectors
[,1] [,2]
[1,] 0.8320503 -0.7071068
[2,] 0.5547002 0.7071068
> eigen(t(P))$vector[,1]/(sum(eigen(t(P))$vector[,1]1))
[1] 0.6 0.4

Here normalization is ||u|l2 = u# + u3 = 1 while for probabilities we want

‘hLH1::1M_+-u2:::L
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Markov Chains and Internet Web pages

Start with a web page u, chosen randomly.

Then visit randomly (with equal probabilities) pages in the
neighborhood of u (i.e. pages linked from u).

E.g. u = 6 and consider 5 neighbors.

1
Pu,v = P[Xn—{—l — U‘Xn = U] = d_ if Az’,j =1

u

and 0 otherwise.

The rank of vertice u is the average number of visits on the random walk to w.

and consider R = (Ry, -+, Ry, )
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Markov Chains and Internet Web pages

In practice, (X,) starts from Xy = u, and set

1 h
=y 1(X

such that R\ — R, as n — co. Can it be used to find argmax{R;} 7

Let P be the transition matrix of the Markov Chain. The stationary measure 7

satisfies

= PupTy, With [[7]| =1
veV

Hence, m x R.
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Markov Chains and Bonus-Malus

Example no-claim bonus, see Lemaire
(1995).

HONG KONG
Table B-9. Hong Kong System

Class Premium Class After
1
Claims

Starting class: 6.

Assume that the probability to claim a
loss is 20%. t1vs. t

® freakonometrics e freakonometrics.hypotheses.org 159


http://www.springer.com/la/book/9780792395454
http://www.springer.com/la/book/9780792395454
https://twitter.com/freakonometrics
https://freakonometrics.github.io/
https://freakonometrics.hypotheses.org/

ARTHUR CHARPENTIER, MASTER STATISTIQUE & ECONOMETRIE - UNIVERSITE RENNES 1 - 2017

Weights of Edges

So far, we have considered in the adjency matrix A; ; € {0,1}. We can consider
weights, to characterize strength of ties

e qualitative, {weak, strong} friends

e quantitative (continuous) w; ; € R4

... to be continued.
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Practicals: the Padgett Florentine Families

1. Import the data and visualize the network
Remark Use

library (networkD3)
df=as.data.frame(ends(g, E(g)))
names (df )=c("src","target")

simpleNetwork (df)

to get a D3.js visualization

2. Centrality Measures on the network

3. Comparing Centrality Measures with a Hierarchical Classification
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Practicals: Robustness of Metro Networks

1. Import metro data from Adjacency.xls
Ulilsa@hcnko

Prospek@teranov Ryl@Bkoe

E=read.xlsx(loc,"StPetersburg") Ploshad Alekg@}ira Nevskogo

library (xlsx)

K noloeisky Instit
n=nrow (E) v dinﬁrskaygbusmycvskaya

nom=as.character (E[3:(n-2) ,1]) Ploshad Vossta@i@Mayakovskaya
Sennaya P]t@d Spasskaya Dm-@;inn
Adj=E[3:(n-2) ,(4:ncol(E)-1)]
Pronfokaya
Adj [is.na/( Adj )]=0 Nevsky Pmsp@(}nslin}f Dvor
Adj=as .matrix (Adj)

>
>
>
>
>
>
>
>

Knmcndm@y PR@\*’I

colnames (Adj)=rownames (Adj)=nom

2. Compute Centrality Measures

3. Compute Robustness Measures from The complexity and robustness of metro

networks
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