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Advanced Econometrics #2: Simulations & Bootstrap

A. Charpentier (Université de Rennes 1)
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Motivation

Before computers, statistical analysis used probability theory to derive statistical

expression for standard errors (or confidence intervals) and testing procedures,

for some linear model

But most formulas are approximations, based on large samples (n — 00).

With computers, simulations and resampling methods can be used to produce
(numerical) standard errors and testing procedure (without the use of formulas,

but with a simple algorithm).
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Overview

Linear Regression Model: y; = By + acz-Tﬁ +e; = Bo+ B1z1i + Bazai + €

Nonlinear Transformations : smoothing techniques
Asymptotics vs. Finite Distance : boostrap techniques
Penalization : Parcimony, Complexity and Overfit

From least squares to other regressions : quantiles, expectiles, etc.
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Historical References

Permutation methods go back to Fisher (1935) The Design of Experiments and
Pitman (1937) Significance tests which may be applied to samples from any

population
(there are n! distinct permutations)

Jackknife was introduced in Quenouille (1949) Approximate tests of correlation in
time series, popularized by Tukey (1958) Bias and confidence in not quite large

samples

Bootstrapping started with Monte Carlo algorithms in the 40’s, see e.g. Simon &
Burstein (1969) Basic Research Methods in Social Science

Efron (1979) Bootstrap methods: Another look at the jackknife defined a

resampling procedure that was coined as “bootstrap”.

(there are n™ possible distinct ordered bootstrap samples)



http://www.phil.vt.edu/dmayo/PhilStatistics/b%20Fisher%20design%20of%20experiments.pdf
https://www.jstor.org/stable/2984124?seq=1#page_scan_tab_contents
https://www.jstor.org/stable/2984124?seq=1#page_scan_tab_contents
https://www.jstor.org/stable/2983696?seq=1#page_scan_tab_contents
https://www.jstor.org/stable/2983696?seq=1#page_scan_tab_contents
http://projecteuclid.org/download/pdf_1/euclid.aoms/1177706647
http://projecteuclid.org/download/pdf_1/euclid.aoms/1177706647
https://www.amazon.com/Basic-Research-Methods-Social-Science/dp/0394332431
http://www.stat.cmu.edu/~fienberg/Statistics36-756/Efron1979.pdf
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Preliminaries: Generating Randomness

TABLE OF RANDOM DIGITS

76520 13586 34673 54876 74945
64894 74296 24805 24037 91665
19645 09303 23209 02560 33606
09376 70715 38311 31165 27659
80157 36147 64032 36653 76833

34072 76850 36697 36170 29170
45571 82406 35303 42614 09732
02051 65692 68665 74818 88579
05325 47048 90553 57548 25624
03529 64778 35808 34282 88435

14905 68607 22109 40558 73998
39808 27732 50725 68248 67851
06288 98083 13746 70078 77817
86507 58401 36766 67951 11062
87517 64969 91826 08928 34113

17468 50950 58047 76974 16544
17727 08015 45318 22374 53763
77402 77214 43236 00210 02655
66252 29148 36936 87203 56418
14225 68514 46427 56788 14598

68479 27686 46162 83554 20048
26940 36858 70297 34135 82341
B5157 47954 32979 26575 06413
11100 02040 12860 74697 25815
16505 34484 40219 52563 31790

DRART A'TTITA E1Q24 @2927T9a zasa2 one o

Source A Million Random Digits with 100,000 Normal Deviates, RAND, 1955.

¥ ©freakonometrics


https://www.rand.org/content/dam/rand/pubs/monograph_reports/MR1418/MR1418.deviates.pdf
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Preliminaries: Generating Randomness

Here random means a sequence of numbers do not exhibit any discernible

pattern, i.e. successively generated numbers can not be predicted.

A random sequence is a vague notion... in which each term is unpredictable to
the uninitiated and whose digits pass a certain number of tests traditional with

statisticians... Derrick Lehmer, quoted in Knuth (1997)

The goal of Pseudo-Random Numbers Generators is to produce a sequence of

numbers in [0, 1] that imitates ideal properties of random number.

> runif (30)

[1]
[7]
[13]
[19]
[25]

0.
.4644714
.9504273
.7981926
.3309934

3087420

.4481307
.0763505
.8466378
.3925203
.6504410

.0308382
.8601878
.2179143
. 7220769
.4680358

.4235758
.2334159
.6619298
.3899142
. 7361024

. 7713879
.0861886
.8372218
.5675318
.1768224

.8329476
.4764753
.4521744
.4224018
.8252457



https://doc.lagout.org/science/0_Computer%20Science/2_Algorithms/The%20Art%20of%20Computer%20Programming%20%28vol.%202_%20Seminumerical%20Algorithms%29%20%283rd%20ed.%29%20%5BKnuth%201997-11-14%5D.pdf
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Linear Congruential Method

Produce a sequence of integers Uy, Us, - - - between 0 and m — 1 following a
recursive relationship X;.1 = (aX; + b) modulo m, and set U; = X;/m.

E.g. Start with Xg =17, a = 13, b = 43 and m = 100. Then the sequence is

{77,52,27,2,77,52,27,2,77,52,27,2,77, - - }

Problem: not all values in {0,---,m — 1} are obtained, and there is a cycle here.

Solution: use (very) large values for m and choose properly a and b.

E.g. m=2% —1,a=16807 (= 7°) and b = 0 (used in Matlab).
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Linear Congruential Method

If we start with Xo = 77, we get for Ui00, U101, - - -

{---,0.9814,0.9944,0.2205, 0.6155,0.0881,0.3152,0.5028,0.1531,0.8171,0.7405, - - - }

—
-
o
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o
N
o
S
o

I | 1
200 400 600

See L'Ecuyer (2017) for an historical perspective.
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https://hal.inria.fr/hal-01561551/document
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Randomness?

TOUR OF ACCOUNTING

OVER HERE

LWE HAVE OUR
RANDOM NUMBER
GENERATOR.

Source Dibert, 2001.

¥ ©freakonometrics

NINE NINE
NINE NINE
NINE NINE

ARE

YOU
SURE
THAT'S
RANDOM?

THAT'S THE
PROBLEM
WITH RAN-
DOMNESS:
YOU CAN
NEVER BE
SURE.

10



http://dilbert.com/strip/2001-10-25
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Randomness?

Heuristically,

1. calls should provide a uniform sample, lim — Z 1y,e(a,p) = b—a with b > a,
n—oo 7

2. calls should be independent, lim — Z Ly, c(ab),uine(e,d = (b—a)(d—c)

n—oo M
1=1

Vke N, and b > a, d > c.

1.0

100

80

20 40 60

00 02 04 06 08

0
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Monte Carlo: from U}y ;; to any distribution
Recall that the cumulative distribution function of Y is F': R — [0, 1],
F(y) =PlY <yl.

Since F' is an increasing function, define its (pseudo-)inverse @ : (0,1) — R as

Q(u) =inf{y e R: F(y) > u}

Proposition If U ~ Ujp 1}, then Q(U) ~ F.
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Monte Carlo

From the law of large numbers, if Uy, Us, - - - is a sequence of i.i.d random
variables, uniformly distributed on [0, 1], and some mapping h : [0, 1] — R,

1 s
LS h(U) 22 = / h(u) du = E[L(U)], as n — oo
n

and from the central limit theorem

(1500

where 02 = Var[h(U)], and U ~ U 1;.
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Monte Carlo

Consider h(u) = cos(mu/2),

h=function(u) cos(u*xpi/2)

>
> integrate(h,0,1)

0.6366198 with absolute error<7.1e-15
>

[

mean (h(runif (1e6)))
1] 0.6363378

We can actually repeat that a thousand time

> M=rep(NA,1000)

> for(i in 1:1000) M[i]l=mean(h(runif (1e6)))
> mean (M)

[1] 0.6366087

> sd (M)

[1] 0.000317656

800 1000

200 400 600

0

| | |
0.6365 0.6370 0.6375
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Monte Carlo Techniques to Compute Integrals

Monte Carlo is a very general technique, that can be used to compute any

integral.

Let X ~ Cauchy what is P[X > 2]. Observe that

P[X > 2] = /;O w(1d+x:c2) (~ 0.15)

and Q(u) = F~1(u) = tan (7 [u — 3]).

since f(x) = W(l—lka)

Crude Monte Carlo: use the law of large numbers

B = > 1(QM) > )

where u; are obtained from i.id. ¢(]0, 1]) variables.

Observe that Var[p;] ~ Y227,

n
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Crude Monte Carlo (with symmetry): P|X > 2] = P[|X| > 2]/2 and use the law

of large numbers
1
P2 = 5, D 11Q(u)] > 2

where u; are obtained from i.id. ¢(|0, 1]) variables.

Observe that Var[py] ~ L2°2,

n

Using integral symmetries :

/OO dx _1_/2 dx
, m(1+22) 2 J, w14 22)

2
(1l + 22)

where the later integral is E|h(2U)] where h(x) =

From the law of large numbers

%z:: (2u;)
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where u; are obtained from i.id. ¢(|0, 1]) variables.

Observe that Var[ps] ~ %2282,

n

Using integral transformations :
/OO dr B /1/2 y_2dy
o m(l+a2?) Sy w(l-y7?)

1
on(1+ 22)°

which is E[h(U/2)] where h(z) =

From the law of large numbers

0.150 0.155 0.160

Estimator 1

S
P4 = E;h(uzﬂ)

0.135 0.140 0.145

where u; are obtained from i.id. U(|0, 1]) variables.

Observe that Var[]/?\4] ~/ 0.07209 . 0 2000 4000 6000 8000
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The Empirical Measure
Consider a sample {y1, 92, ,yn}. Its empirical cumulative distribution function

1S

. 1 <
Fo(y) = n E :1(—oo,y](yi)°
1=1

1 > F = ecdf (Y)
> > F(180)
s [1] 0.855

From Kolmogorov-Smirnov theorem lim F\n(y) = F'(y), while Glivenko—Cantelli
n—oo

theorem, states that the convergence in fact happens uniformly

HFn — FHoo = Sup‘Fn(y) - F(y)‘ == 0.
yeR
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The Empirical Measure

Furthermore, pointwise, ﬁn(y) has asymptotically normal distribution with the

standard +/n rate of convergence:

Vi(Faly) — F(y)) = N(O,F(y)(l—F(y)))-

Let @n denote the pseudo-inverse of E,. Note that Yu € (0,1), Ji such that
Qn(u) = y;. More specifically, if y1., < yoon < - < Ynom,

Qn(w) = yin where i — 1 < — < i.
n

Proposition Generating numbers from distribution ]/T\n means draw randomly,

with replacement, uniformly, in {y1,- -, yn}-
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Kolmogorov-Smirnov Test and Monte Carlo

Kolmogorov-Smirnov test, Hy : F' = F (against Hy : F' # Fy). The test statistic
for a given cdf Fjy is

D, = sup {|Fn(z) = F(2)[}

One can prove that under Hy, \/ﬁDni sup |Bp )|, as m — oo, where (B;) is the
¢

Brownian bridge on |0, 1].
Consider the height of 200 students.

> Davis = read.table("http://socserv.socsci.mcmaster.ca/jfox/Books/
Applied-Regression-2E/datasets/Davis.txt")

> Davis[12,c(2,3)]=Davis[12,c(3,2)]

> Y = Davis$height

> mean (Y)

[1] 170.565

> sd(Y)

[1] 8.932228



https://en.wikipedia.org/wiki/Kolmogorov%E2%80%93Smirnov_test
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Kolmogorov-Smirnov Test and Monte Carlo
Let us test FF = N (170, 9?).

= pnorm(140:205,170,9)
for(s in 1:200){
= rnorm(length(Y) ,170,9)
= Vectorize (ecdf (X)) (140:205)
lines (140:205,y)
D[s] = max(y-yO0)

while for F o

> lines (140:205, Vectorize (ecdf (Y)) 1% 1%
(140:205) ) ,col="red")

X
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Kolmogorov-Smirnov Test and Monte Carlo

The empirical distribution of D is obtained

using

> hist (D, probability = TRUE )
> lines(density(D),col="blue")

Here

> (demp = max(abs(Vectorize (ecdf (Y))
(140:205) -y0)))

[1] 0.05163936

> mean (D>demp)

I N

[1] 0.2459 0.04 0.06 0.08 0.10 0.12 0.14

> ks.test(Y, "pnorm",170,9)
D = 0.062969, p-value = 0.406
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Bootstrap Techniques (in one slide)

Bootstrapping is an asymptotic refinement
based on computer based simulations.
Underlying properties: we know when it

might work, or not

Idea : {(y;, x;)} is obtained from a stochas-

tic model under P

We want to generate other samples (not

more observations) to reduce uncertainty.
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Heuristic Intuition for a Simple (Financial) Model

Consider a return stochastic model, r; =y + oey, for t =1,2,--- | T, with (&) is
i.id. M (0,1) [Constant Expected Return Model, CER]

1 « 1 «
= g rtandEQ:fg [rt—ﬁ]Q
t=1

t=1

then (standard errors)

AN

selu| = and se[o] =

o
V2T

then (confidence intervals)
e [ﬁi zsAe[m} and o [a + 2@[3}}

What if the quantity of interest, 6, is another quantity, e.g. a Value-at-Risk 7
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Heuristic Intuition for a Simple (Financial) Model
One can use nonparametric bootstrap

1. resampling: generate B “bootstrap samples” by resampling with replacement

in the original data,

r® =0 PN with r” € {ry, )

2. For each sample ) compute o®)
3. Derive the empirical distribution of 9 from {é\(l), e ,é\(B)}.
4. Compute any quantity of interest, standard error, quantiles, etc.

E.g. estimate the bias

B
ZM ——Ze
\ b: ~/ \‘,_/

bootstrap mean estimate




ArTHUR CHARPENTIER, ADVANCED ECONOMETRICS GRADUATE COURSE, WINTER 2018, UNIVERSITE DE RENNES 1

Heuristic Intuition for a Simple (Financial) Model

E.g. estimate the standard error

B

| | B 2
ol \ B -1 (9 B S 9 >

b=1

E.g. estimate the confidence interval, if the bootstrap distribution looks Gaussian
o c [5 + 286[@]}

and if the distribution does not look Gaussian

(B). (B)
0 [%/27‘11—@/2}

where q&B) denote a quantile from {é\(l), e ,@\(B)}.
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Monte Carlo Techniques in Statistics

Law of large numbers (---), if E|X]| = 0 and Var[X]| =1 :
What if n is small? What is the distribution of X,,?

Example : X such that 272 (X — 1) ~ x2(1)
Use Monte Carlo Simulation to derive confidence in-
tervall for X,, (—).

Generate samples {2\, -+, 2z{™} from y2(1), and
—(m)

compute Ty,

Then estimate the density of {E(f), e ,f%m)}, quan-

tiles, etc.

Problem : need to know the true distribution of X.

What if we have only {z1, -+ ,z,} 7

Generate samples {z{™, -+, 2™ from F),, and compute 7"
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1le6
xbar = rep(NA,ns)
for(i in 1:mns){
Xx = (rchisq(n,df=1)-1)/sqrt (2)

xbar[i] = mean(x)

seq(-.7,.8,by=.001)

dnorm(u, sd=1/sqrt (20))
plot(u,v,col="black")
lines (density(xbar),col="red")
set.seed (1)
x = (rchisq(n,df=1)-1)/sqrt (2)
for(i in 1:mns){

= sample(x,size=n,replace=TRUE)

xbar[i] = mean(xs)

+

lines (density (xbar),col="blue")

>
>
>
>
+
+
+
>
>
>
>
>
>
>
+
+
+
>
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Monte Carlo Techniques in Statistics

Consider empirical residuals from a linear regres-

sion, &; = y; — x, B.

~ ] — g
Let F(z) = — Z 1 <€7 < z) denote the empirical

n “ o)
1=1

distribution of Studentized residuals.

Could we test Hy : F = N(0,1)?

> X = rnorm(50)

> cdf = function(z) mean (X<=2z)

Simulate samples from a A(0,1) (true distribution under Hy)
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Quantifying Bias
Consider X with mean py = E(X). Let 6 = exp|u], then = exp|T] is a biased
estimator of 6, see Horowitz (1998) The Bootstrap

Idea 1 : Delta Method, i.e. if \/n[7, — 7] £>J\/'(O, 0?), then, if ¢’(7) exists and is

non-null,

Valg(Fa) = (0] S N (0,0°[g' (7))
so 0 = exp|T] is asymptotically unbiased.
Idea 2 : Delta Method based correction,

based on 52 = exp {f — %} where s

2:

1=1

- 1 <«
Idea 3 : Use Bootstrap, 3 = 3 bz_:lexp[f(b)]



http://www.unc.edu/~saraswat/teaching/econ870/fall11/JH_01.pdf
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Quantifying Bias

X with mean p = E(X). Let 6 = exp[u|. Consider three distributions

Log-normal Student t1g Student t5

—— no correction —— no correction —— no correction
—— correction —— correction —— correction
—— second order —— second order —— second order

Sample size Sample size Sample size
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VS=matrix (NA,15,3)
for(s in 1:15){
simu=function(n = 10){
L = function(i)d res = mclapply (1:2000, get_i,
= rnorm(n, sd=sqrt(6)); -
= matrix(sample(x, size=nx ne . cores=20)
10000, replace=TRUE) ,ncol
=10000)

ThetaBoot = exp(colMeans(S))

res = lapply(1:10000, get_1i)
res = do.call(rbind, res)
bias = colMeans(res-1)
return(bias)

+

VS[s,]=simu(10%*s)

+

Bias = mean(ThetaBoot)-exp/(

mean (x))

theta=exp(mean(x))/exp(.5*var
(x)/n)

c(exp(mean(x)) ,exp(mean(x))-

Bias, theta)
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Linear Regression & Bootstrap : Parametric

1. sample ?:{18), B randomly from N (0, )
e

2. set y 50 -+ 513%
3. consider dataset (xz,yz( )) (%,y@( ))

and fit a linear regression
4. let A(S) §8) and 52(*) denote the estimated val-

ues
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Linear Regression & Bootstrap : Residuals

Algorithm 6.1. Davison & Hinkley (1997) Bootstrap Methods and Applications.
. sample Egb), e ,éﬁb) randomly with replacement in {&1,&5, -+ ,&,}
cset gt = Bo + Bra; + &)

. consider dataset (z;, y,§b>) = (x;, ygb))’s and fit a linear regression

et B, B and 52(®) denote estimated values

Slei — 7y >l — 7 - &

~b) s
By = Sl -7 b1+

hence E[Afb)] — 51, while

2 |z — T

Sz — T - Var[e

Var[3\"] =



http://statwww.epfl.ch/davison/BMA/CUPsample.pdf
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Linear Regression & Bootstrap : Pairs

Algorithm 6.2. Davison & Hinkley (1997) Bootstrap Methods and Applications.

1. sample {igm, e ,if,(lb)} randomly with replace-

ment in {1,2,--- ,n}

2. consider dataset (:CZ(-b), y§b)) = (2,0, Y,»)’s

and fit a linear regression

3. let A(()b), A§b) and 52(®) denote the estimated val-

ues

1\" . e
Remark P(: ¢ {igb), 1O = (1 — —) ~e ! 15

n

speed

Key issue : residuals have to be independent and identically distributed



http://statwww.epfl.ch/davison/BMA/CUPsample.pdf
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Linear Regression & Bootstrap

Difference between the two algorithms:

1) with the second method, we make no assumption about variance homogeneity

potentially more robust to heteroscedasticity

2) the simulated samples have different designs, because the x values are

randomly sampled

Key issue : residuals have to be independent and identically distributed

See discussion below on

e dynamic regression, y; = 8o + 01T+ + Boyi—1 + €4
e heteroskedasticity, y; = Bog + S1x; + |x; - |e

e instrumental variables and two-stage least squares
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Simulation in Econometric Models

(almost) all quantities of interest can be writen 7T'(¢) with € ~ F,

Eg B=8+(X'X)"'X"e

We need E[T(c)] = / H(e)dE (e)

Use simulations, i.e. draw n values {e1,- - ,€,} since

E[T(¢)] (unbiased)
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Generating (Parametric) Distributions
Inverse cdf Technique :

Let U ~ U([0,1]), then X = F~Y(U) ~ F.
Proof 1:

with U ~ U([0,1]), i.e. X £ F~1(U).
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Rejection Techniques

Problem : If X ~ F', how to draw from X*, i.e. X conditional on X € |a,b] 7

Solution : draw X and use accept-reject method

1. if x € [a,b], keep it (accept)

2. if © & |a, b], draw another value (reject)

If we generate n values, we accept - on average -
|[F'(b) — F(a)] - n draws.
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Importance Sampling

Problem : If X ~ F', how to draw from X condi-
tional on X € [a,b] ?

Solution : rewrite the integral and use importance

sampling method

The conditional censored distribution X* is

dF(x)
F(b) — F(a)

dF™*(x) = 1(x € |a,b])

Alternative for truncated distributions : let U ~
U([0,1]) and set U = [1 — U]F(a) + UF(b) and
Y = F~ YD)
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Going Further : MCMC

Intuition : we want to use the Central Limit Theorem, but i.id. sample is a (too)

strong assumtion: if (X;) is i.id. with distribution F,

% (Z h(X;) — /h(x)dF(:z:)) £>N(0,02), as n — 0o.

Use the ergodic theorem: if (X;) is a Markov Chain with invariant measure pu,

% (Z h(X;) — / h(:c)d,u(:c)) 5 N(0,0%), as n — oo.

See Gibbs sampler

Example : complicated joint distribution, but simple conditional ones




ArTHUR CHARPENTIER, ADVANCED ECONOMETRICS GRADUATE COURSE, WINTER 2018, UNIVERSITE DE RENNES 1

Going Further : MCMC

To generate X|X'1 < m with X ~ N(0,1I) (in dimension 2)
1. draw X from N(0,1)

2. draw U from U([0,1]) and set U = UD(m — €;)

3. set Xo =& H(0)

See Geweke (1991) Efficient Simulation from the Multivariate Normal and

Distributions Subject to Linear Constraints



https://pdfs.semanticscholar.org/e1cc/357a806ec614f4f82ce7d3b7bbded83e7326.pdf
https://pdfs.semanticscholar.org/e1cc/357a806ec614f4f82ce7d3b7bbded83e7326.pdf
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Monte Carlo Techniques in Statistics

Let {y1, - ,yn} denote a sample from a collection of n i.id. random variables

with true (unknown) distribution Fj. This distribution can be approximated by
F,.

parametric model : Fy € F = {Fp;0 € O}.

nonparametric model : Fy € F = {F is a c.d.f.}

The statistic of interest is T, = Ty, (y1, - ,yn) (see e.g. T, = B\J)

Let (G,, denote the statistics of T,:
Exact distribution : G, (¢, Fy) = Pp (T, <t) under Fj
We want to estimate G, (-, Fy) to get confidence intervals, i.e. a-quantiles

G, (o, Fy) = inf {t; G, (t, Fo) > o}

or p-values,
P = 1— Gn(tnyFO)
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Approximation of G, (t,, Fp)
Two strategies to approximate G, (t,, Fp) :
1. Use G (-, Fy), the asymptotic distribution as n — oc.

P

2. Use Goo(+, F}y)

Here F), can be the empirical cdf (nonparametric bootstrap) or I (parametric

bootstrap).
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Approximation of G, (t,, Fj): Linear Model
Consider the test of Hy : 3; = 0, p-value being p =1 — G,,(t,, Fp)
e Linear Model with Normal Errors y; = :BZ-Tﬁ + ¢; with g; ~ N(0, 02).

(B; — B;)°
7

e Linear Model with Non-Normal Errors y; = :BZ-TB + ¢;, with Elg;| = 0.
(8 — B;
2

AN

93

Then

~ F(1,n— k) = Gn(-, Fo) where Fy is A0, 0?)

) ¢
= 6%2(1) = Goo(+, Fy) as n — o0.

Then
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Approximation of G, (t,, Fy): Linear Model
Application y; = x] B +¢&;, e ~ N(0,1), e ~U([~1,+1]) or € ~ Std(v = 2).

Gaussian, Fisher
Uniform, Fisher
Student, Fisher
- Gaussian, Chi-square
- Uniform, Chi-square
- Student, Chi-square

@
2
IS
o
c
o
=
(8]
2
[3)
0

Sample Size

Here Fy is N'(0,0?)
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>
+
+
+
+
+
+
+
+
+
+
+
+
+

pvf = function(t) mean ((1-pf(t
,1,length(t)-2))<.05)

pvq =
pchisq(t,1) <.05)

TABLE= function(n=30){

ns = 5000

X c(1.0001,rep(1,n-1))

function(t) mean ((1-

e matrix (rnorm(n*ns) ,n)
e2 =
ed =

matrix (runif (n*ns,-3,3) ,n)
matrix(rt(n*ns,2) ,n)

get_i = function(i){

ri Im(el[,1i] ~x)

r2 Im(e2[,1i]~x)

r3 Im(e3[,i] ~x)

t1 ri$coef [2]"2/vcov(rl) [2,2]
t2 r2$coef [2]"2/vcov(r2) [2,2]
t3 r3$coef [2]"2/vcov(r3) [2,2]

c(tl1,t2,t3)}

+ + + + + + + + o+

library (parallel)

t = mclapply(l:ns, get_i, mc.
cores=50)
t =

lapply(1:ns, get_i)

t = simplify2array(t)
pvE(t[,1])

pvE(t[,2])

pvE(t[,3])

pvg(t[,1]1)

pvg(t[,2])

pvq(t[,3])
rbind(c(rjl,rj2,rj3),c(

rji
rj2
rj3
rjl2
rj22
rj32
ans =
rjl2,rj22,rj32))
return(ans) }

TABLE (30)
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Approximation of G, (t,, Fy): Linear Model

ns=1eb

PROP=matrix (NA,ns,6)
n=30
VN=seq(10,140,by=10)

reg=1lm(Y~X)

T=(coefficients (reg) [2]-1)"2/
vcov (reg) [2,2]

PROP[s,3]=T>qf (.95,1,n-2)

PROP[s,4]1=T>qchisq(.95,1)

E=runif (n)*4-2

Y=1+X+E

reg=1lm(Y~X)

T=(coefficients(reg) [2]-1) "2/

for(s in 1:mns){

X=rnorm(n)

E=rnorm(n)

Y=1+X+E

reg=1lm(Y~X)
T=(coefficients(reg) [2]-1) "2/

>
>
>
>
>
+
+
+
+
+

vcov (reg) [2,2]
PROP[s,5]=T>qf (.95,1,n-2)
PROP[s,6]1=T>qchisq(.95,1)
}
apply (PROP ,mean ,2)

vcov (reg) [2,2]
PROP[s,1]=T>qf (.95,1,n-2)
PROP[s,2]=T>qchisq(.95,1)
E=rt(n,df=3)

Y=1+X+E
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AN

Computation of G (t, F},)

For b € {1,---, B}, generate boostrap samples of size n, {51 I ,57(16)} by

drawing from E -

Compute T®) = Tn(g(lb), e ,Eq(@b)), and use sample {T(1) ... T to compute
G,

1 B
Zl (T® <)
b:1
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Linear Model: computation of G (¢, F},)
Consider the test of Hy : 8; = 0, p-value being p =1 — G, (tn, Fo)

(B; — B))?
~2

gj

. compute t,, =

. generate B boostrap samples, under the null assumption

U
(B — B;)?
3?(5)

. for each boostrap sample, compute ¢(*) =

B
. o1
. reject Hy if 3 Z_; 1(t, > t%b)) < a.
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AN

Linear Model: computation of G (¢, F},)

Application y; = x] B +¢&;, e ~ N(0,1), e ~U([—1,+1]) or € ~ Std(v = 2).

Gaussian, Fisher
Uniform, Fisher
Student, Fisher
Gaussian, Chi-square
---- Uniform, Chi-square
---- Student, Chi-square
—— Gaussian, Bootstrap
—— Uniform, Bootstrap
—— Student, Bootstrap

L
]
o
<
2
=
(8]
2,
]
o

Sample Size
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>
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

TABLE2=function(n=30) {
299
sqrt(n/(n-1))
5000
rep(1,n)
= 1.0001
matrix (rnorm(n*ns) ,n)
matrix (runif (n*ns,-3,3) ,n)
matrix(rt(n*ns,2) ,n)
bOtildel = colMeans (e)
bOtilde2 = colMeans (e2)
bOtilde3 = colMeans (e3)
getB_i = function(i){
ul = (el[,i]-b0tildel1[i]) *sn
u2 = (e2[,i]-b0tilde2[i]) *sn
u3 = (e3[,i]-b0tilde3[i]) *sn

Indic = matrix(sample(n, size=B

getB_j = function(j){

+ + + 4+ + + + + + + + + + + + o+ o+ o+

t2
t3 =

ul[Indic[,jl]+bOtildel [i]
u2[Indic[,j]l]+b0Otilde2[i]
u3[Indic[,j]]1+bOtilde3 [i]
Im(yl-~x)

Im(y2~x)

Ilm(y3~x)
ri$coef [2]"2/vcov(rl) [2,2]
r2$coef [2]"2/vcov(r2) [2,2]
r3$coef [2]"2/vcov(r3) [2,2]

c(t,t2,t3) 1}

res
rji
rj2
rj3

sapply (1:B, getB_j)
mean (res[1,]1<t[1,i])
mean (res[2,]1<t[2,i])
mean (res[3,]1<t[3,i])

c(rji, rj2, rj3)<0.05 }

tst
tst

ar = lapply(l:ns, getB_i)
ar = simplify2array(tstar)

<- rowMeans (tstar)

02
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Linear Regression

What does generate B boostrap samples, under the null assumption means 7
Use residual boostrap technique:

Example : (standard) linear model, y; = By + f1x; + €; with Hy : 51 = 0.
2.1. Estimate the model under Hy, i.e. y; = 8y + n;, and save {91, -+ ,0n}

2.2. Define 7 = {7y, - 7y} with 7= ] —" -7}
—

2.3. Draw (with replacement) residuals 77'” = {N(b), : ,ﬁo(zb)}
2.4. Set y( ) = B, ﬁz(b)

2.5. Estimate the regression model y( ) = (b) + ﬁ(b> (b)
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Going Further on Linear Regression

Recall that the OLS estimator satisfies

\/ﬁ(g—ﬁo) - (1XTX>_

n
while for the boostrap

NON

V(B

B)

Thus, for i.id. data, the variance is

1 — 1 — !
(k) (e
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Going Further on Linear Regression

and similarly (for i.id. data)

T

Il v OV [ 1 v 0
— Xz'é‘i — Xigi




ArTHUR CHARPENTIER, ADVANCED ECONOMETRICS GRADUATE COURSE, WINTER 2018, UNIVERSITE DE RENNES 1

Bootstrap with dynamic regression models
Example : linear model, v, = 0y + Sixy + Boyi—1 + 4 with Hy : B1 = 0.

2.1. Estimate the model under Hy, i.e. y; = 8o + B2y:—1 + 1;, and save
{m,- - .M.} (estimated residuals from an AR(1))

2.2. Define n = {m,--- ,n,} with n = n277
n_

2.3. Draw (with replacement) residuals 77( ) — {?71 AR T )}

2.4. Set (recursively) v, = By + o y(b) (b)

2.5. Estimate the regression model y( ) — (b) ﬁ(b)xt + 5(b>y§b)1 +e (b)

Remark : start (usually) with y(() ) — U1
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Bootstrap with heteroskedasticity

Example : linear model, y; = Sy + f1x; + |z;| - €, with Hy : 51 = 0.

2.1. Estimate the model under Hy, i.e. y; = By + n;, and save {n1, -+ ,0n}
2.2. Compute H; ; with H = [H; ;] from H = X[X'X]71X".

AN

i
1 —-H;;
(here = mean {—1, 41} with probabilities {1/2,1/2})

2.4.a. Draw (Wlth replacement) residuals 77( ) — {ﬁf”,- . ,ﬁq(zb)}

2.3.a. Define n = {ny, - ,n,} with n; =+

2.5.a. Set yz 60 + 6 y(b) <b)

2.6.a. Estimate the regression model y< ) = (b) + 54 (b)azi + 5,Eb)

This was suggested in Liu (1988) Bootstrap procedures under some non - i.i.d.

models



http://astrostatistics.psu.edu/su13/non_iid_bootstrap.pdf
http://astrostatistics.psu.edu/su13/non_iid_bootstrap.pdf
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Bootstrap with heteroskedasticity

Example : linear model, y; = Sy + f1x; + |z;| - €, with Hy : 51 = 0.

2.1. Estimate the model under Hy, i.e. y; = By + n;, and save {n, -+ ,0n}
2.2. Compute H; ; with H = [H; ;] from H = X[X'X]71X".

AN

T

2.3.b. Define n = {m,--- ,n,} with n; =¢&;

1—+v5 1++5
2 7 9

V541 \@—1})
25 1 25

2.4.b. Draw (with replacement) residuals 77( ) = {ﬁgb), - ,ﬁog,b)}

2.5.b. Sety() Bo + B2 y<b) (b)

(here &; takes values {

} with probabilities {

2.6.b. Estimate the regression model y Bob) + 51b) x; + 5(b)
This was suggested in Mammen (1993) Bootstrap and wild bootstrap for high

dimensional linear models, &;’s satisfy here E[¢}] = 1



http://isites.harvard.edu/fs/docs/icb.topic1526632.files/Mammen%201989%20Bootstrap%20and%20wild%20bootstrap%20for%20high%20dimensional%20linear%20models.pdf
http://isites.harvard.edu/fs/docs/icb.topic1526632.files/Mammen%201989%20Bootstrap%20and%20wild%20bootstrap%20for%20high%20dimensional%20linear%20models.pdf
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Bootstrap with heteroskedasticity

Application y; = By + Brx; + |z4] - €5, € ~ N(0,1), e ~U([-1,+1]) or
e~ Std(v = 2).

Gaussian, Fisher
Uniform, Fisher
Student, Fisher
- Gaussian, Chi-square
- Uniform, Chi-square
- Student, Chi-square

Rejection Rate

I
100

Sample Size
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Bootstrap with 2SLS: Wild Bootstrap
Consider a linear model, y; = x; 8 + ; where x; = 2] v + u,.
Two-stage least squares:

1. regress each column of « on z, ¥ = [Z' Z]Z" X and consider the predicted

value

X=2y=2|Z"21Z" X

I1z

2. regress y on predicted covariates 3(\, Yi = fi;rﬁ + &,
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Bootstrap with 2SLS: Wild Bootstrap

Example : linear model, v, = By + S1x; + € where x; = z,L-T’y + u; and
Covle,u] = p, with Hy : 81 = 0.

So called Wild Boostrap, see Davidson & Mackinnon (2009) Wild bootstrap tests
for IV regression

2.1. Estimate the model under Hy, i.e. y; = By + n;, by 2SLS and save
u = {71, 7}

2.2. Estimate v from z; = 2~ + 07; + u;

2.3. Define w = {ty, -+ ,up} with u; = X; — 2,5

2.4. Draw (Wlth replacement) pairs of residuals (A( ) N(b)) of (A(b) N(b))

2.6. Estimate (usmg QSLS) the regression model y( ) — (b) + 5(b) Eb) 1€ (b)

(b)

where ;' = 2]y + u;



https://hal.archives-ouvertes.fr/halshs-00443550/document
https://hal.archives-ouvertes.fr/halshs-00443550/document

ArTHUR CHARPENTIER, ADVANCED ECONOMETRICS GRADUATE COURSE, WINTER 2018, UNIVERSITE DE RENNES 1

Bootstrap with 2SLS: Wild Bootstrap

(0.01,0.01), Fisher
(0.1,0.1), Fisher
(2,2), Fisher

-- (0.01,0.01), Chi-square

-- (0.1,0.1), Chi-square

- (2,2), Chi-square

(0.01,0.01), Bootstrap
(0.1,0.1), Bootstrap
(2,2), Bootstrap

2
©
o
c
2
=
3]
QL
[3)
o

I
100

Sample Size

See example Section 5.2 in Horowitz (1998) The Bootstrap.



http://www.unc.edu/~saraswat/teaching/econ870/fall11/JH_01.pdf
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Estimation of Various Quantifies of Interest

Consider a quadratic model,

yi = Bo + Bix; + 5290@2 + €4

The minimum is obtained in § = —3;/205.
What could be the standard error for 6 ?
1. Use of the Delta-Method

0 = g(B1,P2) = ;g;

06 —1 06 B

Since — = —— and —— = —, the variance is

d1 252 02

1-1 /B
Z[252 253]

[—1 51 ]T _ 0103 — 20162012 + Bio3

2By 232 433
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Estimation of Various Quantifies of Interest

2. Use of Bootstrap

c
2
ke
>
O
(e}
°
4
@
°
c
]
8
n

standard deviation of 5,
— delta method vs.
— bootstrap.

I I I I I
50 100 200 500 1000

Sample Size (log scale)
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Box-Cox Transform

y)\—l

yx = Po + frz + e, with yx = =
with the limiting case yo = log|y].
We assume that for some (unkown) Ag, € ~ N (0, 0?).

As in Horowitz (1998) The Bootstrap, use residual bootstrap:

~ ~ 1/
" = (A[Bo + Fra; + D)) /



http://www.unc.edu/~saraswat/teaching/econ870/fall11/JH_01.pdf
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Kernel based Regression

Consider some kernel based regression of estimate m(x) = E[Y|X = z],

A () Zyz (x_x) where f,,(x nh2k<x_%>

nhfn 1

We have seen that the bias was

1

br(z) = E[m(z)] — m(z) o h? (im"

and the variance

VarlY | X = z]
nhf(z)

vp ()

Further

AN

_ M, () = m(x) — b, () £
Zn(x) = o) > N

(0,1) as n — oo.
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Kernel based Regression
Idea: convert Z,(x) into an asymptotically pivotal statistic
Observe that
1 - T — I
_ ~ P — k
) =) ~ s ol —mielk (75
so that v, (x) can be estimated by

n

1

O e

then set

0 is asymptotically (0, 1) and it is an asymptotically pivotal statistic
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Poisson Regression

Diagnosis Reporting-delay interval (quarters):
period

Year Quarter

1988

==
COUOCO ONNOOWO WOl

[

1
2
3
1
1
2
3
1
1
2
3
4
1
2
3
4
1
2
3
1

Example : see Davison & Hinkley (1997) Bootstrap Methods and Applications, UK
AIDS diagnoses, 1988-1992.



http://statwww.epfl.ch/davison/BMA/CUPsample.pdf
https://rdrr.io/cran/apc/man/data.aids.html
https://rdrr.io/cran/apc/man/data.aids.html
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Reporting delay can be important

Let 7 denote year and £ denote delay. Assumption
Nj,k ~ P()\j,k) with )\j,k = exp[ozj + Bk]

Unreported diagnoses for period j : Z Ak

k unobserved

Prediction : Z Xj,k = exp|Q;] Z exp[gk]
k unobserved k unobserved

Poisson regression is a GLM : confidence intervals on coefficients are asymptotic.
Let V denote the variance function, then Pearson residuals are
Yi — i
Vi)

SO here
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Poisson Regression

P AN

S
So bootstrapped responses are n] =Nk A Ak € &

I I I I I I I I
1984 1986 1988 1990 1984 1986 1988 1990
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Pivotal Case (or not)
In some cases, G(-, F') does not depend on F', VF € F.
Then T,, is said to be pivotal, relative to F.

Example : consider the case of Gaussian residuals, F = Fgaussian- 1hen

= V=B shin — 1)

o

which does not depend on F' (but it does depend on F)
If T}, is not pivotal, it is still possible to look for bounds on G, (t, F),

|t {Ga(t F)}; sup {Gu(t, )|

for instance, when a set of reasonable values for F, is provided, by an expert.
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Pivotal Case (or not)

Bu(t) = | inf {Gu(t, F)}; sup {Galt, )} ]

FE‘F* FGJ:*

In the parametric case, set

where IC' is some confidence interval.

In the nonparametric case, use Kolomogorov-Smirnov statistics to get bounds,

using quantiles of

Vnsup{|F,(t) — Fo(t)|}
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Pivotal Function and Studentized Statistics
It is interesting to studentize any statistics.

Let v denote the variance of § (computed using {y1,- - ,yn}. Then set

H—0
/| =
NG

If quantiles of Z are known (and denoted z, ), then

P(0+ Vozaps <0<+ Vim_apn) =1-a

Idea : use a (double) boostrap procedure
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Pivotal Function and Double Bootstrap Procedure
. Generate a bootstrap sample y(®) = {ygb) e L Yn )}
. Compute H(®)

. From y® generate 8 bootstrap sample, and compute {

B
1
. Compute o = = Z — H(b)

B -
a0 _

()

5. Set 2(0) =

Then use {zV), .-, 2(B)} to estimate the distribution of z’s (and some quantiles).

IP’(@\qL\/Ezg/;% §9§§+ﬁzf£/2> —1—«
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Why should we studentize ?

Here Z 5 N(0,1) as n — oo (CLT). Using Edgeworth series,
P[Z < 2|F) = ®(2) + n~'/*p(2)p(2) + O(n™")
for some quadratic polynomial p(-). For Z(®)
PZ") < 2|F] = ®(2) + n ' ?p(2)p(2) + O(n™ 1)
where p(z) = p(z) + O(n™1/?), so

P[Z < z|F| —P[Z® < 2|F] = O(n™ 1)

But if we do not studentize, Z = (é\— 0) 5 N(0,v) as n — oo (CLT).
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Why should we studentize ?

Using Edgeworth series,

PlZ < 2|F] = (\%) +n” 12 (\%) % (\%) +O0(n™)

for some quadratic polynomial p(-). For Z (0)

PIZ® < o|F] = @ (i) 2 (i) ” (i> + O™

VD

recall that ¥ = v 4+ 0(n~'/?), and thus

V) T \Vp

P[Z < z|F] = P[Z® < z|F] = O(n~"/?)

Hence, studentization reduces error, from O(n~2) to O(n™1)
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Variance estimation

AN

The estimation of Var|f] is necessary for studentized boostrap.

e double bootstrap (used here)
e delta method

e jackknife (leave-one-out)

Double Bootstrap
Requieres B x (8 resamples, e.g. B ~ 1,000 while 8 ~ 100
Delta Method

AN

Let 7 = g(0), with ¢'(0) # 0.

E[T] = g(0) + O(n™")

Var[7] = Var[0]g'(6)? + O(n=3/?)
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Variance estimation

Idea: find a transformation such that Var|7] is constant. Then

~  Var|7|

Var|6| ~ —
g g'(0)?

There is also a nonparametric delta method, based on the influence function.
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Influence Function and Taylor Expansion

Taylor expansion

ty) = 1)+ | " (2)edz ta) + (y — 2)f (@)

HG) = t(F) + [ Li( F)dG(:)
R
where L; is the Fréchet derivative,

O[(1 —€)F + €A,]

Lt(Z7F) — e
e=0

where A, (t) = 1(t > z) denote the cdf of the Dirac measure in z.

For instance, observe that

) = H(F) + - Lalyi, )
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Influence Function and Taylor Expansion

This can be used to estimate the variance. Set

1 — 5
Vi = E;L(%F)

where L(y, F') is the influence function for § = ¢(F") for observation at y when

distribution is F'.

AN

The empirical version is ¢; = L(y;, ') and set

Vo= >0
1=1

Example : let § = E|X]| with X ~ F, then

~ “ 1 - 1
0=y, = g Eyi: E w;Yy; where wi:ﬁ
i=1

1=1
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Influence Function and Taylor Expansion

Change w’s in direction j :
1 —€ 1 —€

wi =€+ , while Vi # j,w; = ,
n n

then 6 changes in

Yh —§]€+§
N——
¢;

Hence, ¢, is the standardized chance in 6 with an increase in direction j, and

n — 1 Var|X]|
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Influence Function and Taylor Expansion

so that

-~ 1 ik ZCj—(/Q\yj
e (7

Example : consider a correlation coefficient,




ArTHUR CHARPENTIER, ADVANCED ECONOMETRICS GRADUATE COURSE, WINTER 2018, UNIVERSITE DE RENNES 1

Jackknife

An approximation of ¢; is £f = (n — 1) ((/9\— @\(_j)) where é’\(_j) is the statistics
computed from sample {y1, - ,Yi—1,Yit1, " s Yn}

One can define Jackknife bias and Jackknife variance

n

ZE'ZQ . nb*Z

1

cf numerical differentiation when € = —ﬁ.
n _
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Convergence

Given a sample {y1, - ,yn}, i.id. with distribution F, set

Fult) = - > 105 <0

sup {|F,(t) — Fo(t)|} = 0, as n — .
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How many Boostrap Samples?

Easy to take B > 5000
R > 100 to estimate bias or variance

R > 1000 to estimate quantiles

Bias Variance Quantile

0.10 0.15
1 1

0.05
1

|
Variance
Quantile

-0.15 -0.10 -0.05 0.00

T T T T T T
1000 1500 1000 1500 1000 1500

Nb Boostrap Sample Nb Boostrap Sample Nb Boostrap Sample
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How many Boostrap Samples?

reg=1lm(dist~speed,data=cars)
E=residuals (reg)

Y=predict (reg)

betal=rep (NA,2000)
MB=MV=MQ=matrix (NA,10,2000)
for(i in 1:10){
BIAS=VAR=QUANT=betal

for(b in 1:2000) {

>
>
>
>
>
>
+
+
+

carsS=data.frame (speed=cars$
speed,

dist=Y+sample (E,size=50,replace
=TRUE))

betal [b]=1m(dist~speed,data=
carsS)$coefficients [2]

BIAS[b]=mean(betal[1:b])-reg$
coefficients [2]

VAR [b]=var (betal [1:Db])

QUANT [bl=quantile(betal [1:Db
1,.95)

+

MB[i,]=BIAS

MV[i,]=VAR

MQ[i,]=QUANT
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Consistency

We expect something like

Gn(t, Fy) ~ Goo(t, F)y) ~ Goo(t, Fo) ~ Gy (t, Fp)

AN

G, (t, F,,) is said to be consistent if under each Fj € F,

sup € R{|Gn(t, F) — Goo(t, Fo)|} = 0
t

Example: let @ = Ef, (X) and consider T;, = \/n(X — 6). Here

Gn(t, Fo) = Pr (Th < 1)

Based on boostrap samples, a bootstrap version of T, is

TP = /n(X" = X) since X = B (X)
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Consistency

Consider a regression model y; = ] 8 + ¢;

The natural assumption is E[g;| X ] = 0 with ¢;’s i.id.~ F.
The parameter of interest is § = (§;, and let Bj = G(ﬁn)
1. The statistics of interest is 7}, = \/ﬁ[@ — 5]

We want to know G, (t, Fy) = Pgr, (T, < 1).

Let (® denote a bootsrap sample.

Compute TV — \/ﬁ(@(b) — Bj), and then

1 B
G E 1(TP) < ¢)
b:1
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Consistency

Bj — B
Var[f3;]

We want to know G, (t, Fy) = Pgr, (T, < 1).

2. The statistics of interest is T, = /n |

Let (® denote a bootsrap sample.

e

8" — )]

Compute T¥) = /n =
\/ Var® [3;]

, and then

Go(t, Fy) = > 1T <)

B
b=1

This second option is more accurate than the first one :
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Consistency

The approximation error of bootstrap applied to asymptotically pivotal statistic
is smaller than the approximation error of bootstrap applied on asymptotically

non-pivotal statistic, see Horowitz (1998) The Bootstrap.

Here, asymptotically pivotal means that

Go(t, F) =G(t), VF € F.

AN

Assume now that the quantity of interest is § = Var|3].

Consider a bootstrap procedure, then one can prove that

| 1 e )~y ()
plim § =% Vn(B " —B)vn(B -
b=1

B.n—oo

— plim {n(3 - 80)(B - 8)"}

n—oo



http://www.unc.edu/~saraswat/teaching/econ870/fall11/JH_01.pdf
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More on Testing Procedures

Consider a sample {y1,--- ,y,}. We want to test some hypothesis Hy. Consider

some test statistic t(y)
Idea: t takes large values when Hj is not satisfied.
The p-value is p = P[T > tops|Ho)-

Boostrap /simulations can be used to estimate p, by simulation from Hy.

1. Generate y(®) = {y%s), ce ,yq(f)} generated from Hy.

2. Compute t(8) = ¢(y(®))

S
1
3. Set p= - (1 + > 1) > tobs)>

s=1
Example : testing independence, let ¢ denote the square of the correlation

coeflicient.

Under H( variables are independent, so we can bootstrap independently x’s and

Y’s.
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Frequency

With this bootstap procedure, we estimate

]/9\: IP)(T > tobs|ﬁ0>

which is not the same as
P = IP)(T > tobs|HO>
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More on Testing Procedures

In a parametric model, it can be interesting to use a sufficient statistic . One

can prove that

P = ]P)(T > tobs‘ﬁm W)

The problem is to generate from this conditional distribution...

Example : for the independence test, we should sample from ﬁw and ﬁy with

fixed margins.

Bootstrap should be here without replacement.
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More on Testing Procedures

Frequency
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More on Testing Procedures

But this nonparametric bootstrap fails when the Gaussian Central Limit

Theorem does not apply (Mammen’s theorem)
Example X ~ Cauchy : limit distribution G (¢, F') is not continuous, in F’

Example : distribution of the maximum of the support (see Bickel & Freedman
(1981)): X ~ Z/{([O,eo])

T, =n(6, —0y) with 0, = max{Xy,---, X, }
Set. qub) = n(@fzb) —0,), and Hy(lb) — max{be), o ,Xﬁb)}

Here T, K¢ (1), exponential distribution, but not 7, éb), since T\%) > 0 (we juste

resample), and

1 mn
PT® =0 =1—-P[T® >0]=1— (1——) ~1—e L.
n



https://projecteuclid.org/euclid.aos/1176345637
https://projecteuclid.org/euclid.aos/1176345637
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Resampling or Subsampling ?
Why not draw subsamples of size m < n?
e with replacement, see m out of n boostrap

e without replacement, see subsampling boostrap

Less accurate than bootstrap when bootstrap works... but might work when

bootstrap does not work

Exemple : maximum of the support, Y; ~ U([0, 6]),

1 m
IP’Fn T =0]=1 (1 ’n,) 1—e 0
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From Bootstrap to Bagging
Bagging was introduced in Breiman (1996) Bagging predictors

1. sample a boostrap sample (y, (b ), (b >) by resampling pairs

2. estimate a model m(®) (")

B
The bagged estimate for m is then mpag(x Z

From Bagging to Random Forests



http://statistics.berkeley.edu/sites/default/files/tech-reports/421.pdf
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