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1 Introduction and Notations

All (univariate) risk measures - or to be more specific of downside (or upside)
risk - are, somehow, related to quantiles. So, in order to derive some general
multivariate risk measures, or dynamic ones, we need to understand more deeply
what quantile functions are, and why we need them (in this risk measure

context).

1.1 Probablistic and Measurable Spaces

Consider some topological space S, metrizable, in the sense that there is a metric
d on that space. Assume that S is separable, so that the o-algebra § of S is
generated by open d-balls, centered on a contable dense subset of S.

Let M(S) denote the set of all non-negative finite measures on S. Observe that
every u € M(S) can be writen p = aP for some « € [0, 00). The set of all
probability measures on S is M1(S5).
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Finite-dimensional Probability Spaces

Consider a simple coin tossing model, or a single lottery. Then (2 is isomorphic to
the set {0, 1}, that we will call canonical. This setting will be related to lotteries

in decision theory, with two possible outcomes.

Jacob Bernoulli and Pierre Simon Laplace stated an indifference principle: if
there are n states of world, and if we have no reason to view one as more likely
than another, then the canonical measure should be a uniform distribution, and
each event will be assigned a 1/n probability. Thus, on the set Q = {0,1}, the
canonical measure will be P = (1/2,1/2) & 1. Actually, the measure is on

Borelian sets of {2, namely

(
(
(
P{0yU{l}) =P(Q) =
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On (£2,P), on can define measures Q or sets of measures Q.

This was what we have have one lottery, but one can consider compound
lotteries, where the canonical space can now be {0,1}", if we consider sequential

simple lotteries.

Infinite-dimensional Probability Spaces

For a continuous state space €2, the canonical space will be [0,1]. A first step

before working on that continuous space can be to consider {0, 1}!. This space is

obtained using a binary representation of points on the unit interval, in the sense
that

€ [0,1] with x; € {0,1}, for all i € N,.
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The canonical measure is the uniform distribution on the unit interval [0, 1),
denoted \. A([0,1/2)) corresponds to the probability that X; = 0, and thus, it
should be 1/2; A(]|0,1/4)) corresponds to the probability that X; = 0 and

X5 = 0, and thus, it should be 1/4; etc. Thus A([x,x + h)) = h, which is the

caracterization of the uniform distribution on the unit interval.
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In the context of real-valued sequences,

LY = {u = (un)| |Jull, < oo}, where [[ul, = (

where p € [1, o¢].
Proposition1
Let (p,q) € (1,4+00)? such that 1/p + 1/q = 1, then L4 is the dual of L?.

If b€ LY and a € LP, the mapping

T:LY— LP* : b+ £, where ly(a) = Zaibi
1€EN

is an isometric isomorphism. So LP* = L9,

Consider a linear mapping ¢ from L? to R, linear in the sense that

llaf +bg) =al(f)+ bl(g) for all a,b € R and f,g € L.
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Assume that this functional is bounded, in the sense that there is M such that
4(f)] < M]|f||p- One can define a norm || - || on the space of such linear
mapping. Define

14]l = sup {|(f)[} sup {|£(f)[}
1£11=1 1£11<1

The space of all of linear mappings (with that norm) is the dual of LP.

One can prove that the dual of LP is L?, in the sense that for all linear mapping
¢, there is g € L9 such that

0(f) = /f(w)g(w)dl?(w) for all f € LP.

This should not be suprising to see that L9 is the dual of L? since for g € L4

lgll, = sup {\/fg\} sup {1 [ fol}

[[F][=1 [1F11<1

The optimum is obtain
1

qg—17

g(x)]? sign(g(z))
g|q
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which satisfies

112 = / 9(2) P Vsign(g(a)) — b _ 1,

|P(q—1) -
q

g1

L is the dual of L', but the converse is generally not true.

The space L is the class of functions that are essentially bounded.
X € L™ if there exits M > 0 such that | X| < M a.s. Then define
[ X|Loe = inf{M € Ry |P(|X] < M) =1}.
Given X, define
essupX = inf{M e R|P(X < M) =1}

and
essinfX = inf{m € R|P(X > m) =1}

Observe that X € L if and only if essup < oo, esinfX < oo, and
| X || L = essup|X]|
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It is also possible to define the essential supremum on a set of random variables
(on (2, F,P)). Let ® denote such a set. Then there exists ¢* such that

©* > @, P—a.s. forall p € P.

Such as function is a.s. unique, and ¢* is denoted esssup®.

Remark?2

Given a random variable X, and

® ={ceR|P(X >c) >0}

then esssup® = esssup.X, which is the smallest constant such that X < ¢*, P—a.s.
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1.2 Univariate Functional Analysis and Convexity

f:R — RU{+4o00} is a convex function if for all x,y € R, with x € domf, and
a € |0,1],
flar+ (1 —a)y) <af(z)+ (1 —a)f(y).
where domf = {z € R|f(z) < +00}.
Recall that if f is convex, then it is (upper) semi-continuous (and locally

Lipschitz) on the interior of domf. Further, f admits left- and right-hand

derivatives, and one can write, for all x € domf,

T+

h
zﬁwMywdﬂx—m=f@yg/

T T

ﬂm+m=f<»+/

An other possible definition is the following: f is a convex function is there exists
a : R — R such that, for all z € R,

flz) = ?Elg{ﬂf -y —a(y)} = a(z)
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The interpretation is that f should be above the tangent at each point. Thus,
they should be above the supremum of all tangeants. This function a™ will be
related to the Legendre-Fenchel transformation of a.

Legendre-Fenchel transformation

The conjugate of function f : R? — R is function f* defined as

f(s) = sup {sx — f(x)}

xcRd

Note that it is possible to extend this notion to more general spaces E, then
s € E* (dual of space E) and sx becomes < s, x >.

Observe that f* is a convex function lower semi-continuous.
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Example
Let £ denote sur nonempty subset of R?, and define the indicator function of &,

Oifx ¢ K
+xwifxe K

1:(s) = sup{sx}
xel

which is the support function of £.
Example2
Let f(z) = aexplz], with a € (0, 1), then

( +ooif s <0

0if s=0

| sllogs —loga] —sif s >0

Those functions can be visualized Figure|l}
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Figure 1: A convex function f and the Fenchel conjugate f*
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If f is 1-coercive, in the sense that % — 00 as ||x|| — oo, then f* is finite on
x

RY.
Proposition2
If f: R% — R is strictly convex, differentiable, and 1-coercive, then

e f™ is also finite, strictly convex, differentiable and 1-coercive

o Vf:RY— RYis also differentiable and

frs=s[(V)" ()] = f((VF) " (s)).

Proposition3
If f:RY — R is convex, lower semi-continuous then so is f*, and f** = f.

More generally, we have that f** is the largest convex function satistying
f**(x) < f(x), which is actually the convex hull of function f.
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Definition1
An element s of RY such that for any y

f(y) =2 f(x) + sly — x|

is called sub-gradient of f at point «. The set of sub-gradients is denoted 0 f ().

Proposition4
As a consequence,
se€df(x) < f*(s)+ f(x) = sx.

Proposition5
If f:R? — R is convex, lower semi-continuous then

sedf(x) <— xe€df*(s)

that might be denoted - symbolically - 9 f* = [0 f] L.
Corollary

If f: R — R is convex, twice differentiable, and 1-coercice, then

V() =V (s).
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Example3

1
If f is a power function, f(x) = —|x|P where 1 < p < oo then
p

£ @) = <]

I 1

where — + — = 1.
P q

Example4
If f is the exponential function, f(z) = exp(x) then

f*(x*) = x* log(x™) — ™ if * > 0.
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Example5
Let X be a random variable with c.d.f. F'x and quantile function () x. The

Fenchel-Legendre tranform of

v ()

U*(y) = sup{ry — V(2)} = | Qx(t)dt

reR

on [0, 1].

Indeed, from Fubini,
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Observe that
1

(1) = sup{z — (z)} = lim | [z — (z — Qx (1)), ]dt = /O Qx (t)dt

reR zToo 0

and U*(0) = 0. Now, the proof of the result when y € (0, 1) can be obtained since

The optimum is then obtained when y = F'x (x), or x = Qy (y).

One can also prove that

(i 1) (@) = sup f3(o) and (sup ) (o) < i £ (o).

Further, f = f** if and only if f is convex and lower semi-continuous.

And from Fenchel-Young inequality, for any f,
<z, >< f(x)+ fF(x¥).

and the equality holds if and only if z* € 9f(x).
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Example6

The standard expression of Young’s inequality is that if A : R, — R, is a continuous
strictly increasing function on [0, m] with h(0) = 0, then for all a € [0, m]| and

b € [0, h(m)], then

abg/oah(x)dx+/obh—1(y)dy

with the equality if and only if b = h(a) (see Figure[2). A well know corollary is that

a? b
ab < — + — when p and ¢ are conjugates.
p q

The extension 1s quite natural. Let f f 0 x)dx, then f is a convex function, and

its convex conjugate is f*( fo y)dy, then

ab < f(a)+ f*(b).
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Figure 2: Fenchel-Young inequality
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1.3 Changes of Measures

Consider two probability measures P and (Q on the same measurable space
(©, F). Q is said to be absolutely continuous with repect to P, denoted Q < P if

for all A € F,
P(A) =0= Q(A) =

If Q< Pand Q> P, then Q =~ P.

Q < P if and only if there exists a (positive) measurable function ¢ such that

/ hdQ = / / hdP

for all positive measurable functions h. That function varphi is call Nikodym

derivative of Q with respect to P, and we write

_ dQ
LT
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Observe that, generally, Q ~ P if and only if ¢ is stricly positive, and in that case,
P (dQ\ "
dQ \ dP
Let Ep(-|Fy) denote the conditional expectation with respect to a probability
measure P and a o-algebra Fy C F.

If Q < P,

1 dQ
Eq(+|Fo) Ep (0] Fo) p(-¢|Fo), where ¢

AP
If there is no absolute continuity property between two measures P and QQ

(neither Q@ < P nor P < Q), one can still find a function ¢, and a P-null set N
(in the sense P(INV) = 0) such that

Q) = QUNN) + [ e

A

d
d%chon]\fc.
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1.4 Multivariate Functional Analysis
Given a vector € R% and I = {iy,--- ,i1} C {1,2,--- ,d}, then denote
L = (xilaxiga U 7x’ik)'

Consider two random vectors ¢,y € R?. We denote = < y if z; < y; for all
i =1,2,...,d. Then function h : R* — R, is said to be increasing if

h(x) < h(y) whenever x =< y.

If f:R?— R issuch that V£ : R? — R? is bijective, then

Fy) =<y, (V) y) > —f(Vf) ' (y)) for all y € R

We will say that y € 0f(x) if and only if

<y, x>= f(z)+ ["(y)
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1.5 Valuation and Neyman-Pearson

Valuation of contingent claims can be formalized as follows. Let X denote the
claim, which is a random variable on (2, F,P), and its price is given be E(pX),
where we assume that the price density ¢ is a strictly positive random variable,
absolutely continuous, with E(¢) = 1. The risk of liability —X is measures by R,

and we would like to solve
min{R(—X)|0 € [0, k] and E(pX) > a}

In the case where R(—X) = E(X), we have a problem that can be related to

Neyman-Pearson lemma (see [24], section 8.3 and [33])
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2 Decision Theory and Risk Measures

In this section, we will follow [14], trying to get a better understanding of
connections between decision theory, and orderings of risks and risk measures.
From Cantor, we know that any ordering can be represented by a functional.
More specifically,

Proposition6
Let < denote a preference order that is

cofnplete for every X and y, eitherx < yory X x

trapsitive for every z,y, z suchthatz < yandy < z,thenx < 2

sepprable for every x, y such that x < y, then there is z such that x < 2z <X .

Then < can be represented by a real valued function, in the sense that

r 2y = u(x) < uly).

26
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Keep in mind that w is unique up to an increasing transformation. And since

there is no topology mentioned here, it is meaningless to claim that u should be

continuous. This will require additional assumption, see [6].

Proof. In the case of a finite set X', define
u(x) = card{y € Xy = z}.

In the case of an infinite set, but countable,
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2.1 von Neuman & Morgenstern: comparing lotteries

In the previous setting, space X was some set of alternatives. Assume now that
we have lotteries on those alternative. Formally, a lottery is function

P: X — [0,1]. Consider the case where X is finite or more precisely, the cardinal
of 2’s such that P(x) > 0 is finite. Let £ denote the set of all those lotteries on
X. Note that mixtures can be considered on that space, in the sense that for all
a € [0,1], and for all P,{Q € L, aP & (1 — a)Q € L, where for any = € X,

P & (1 - a)Q|(r) = aP(r) + (1 - a)Q(z)

It is a standard mixture, in the sense that we have lottery P with probability «
and () with probability 1 — a.
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Proposition7

Let < denote a preference order on L that is

ealj order (complete and transitive)
ontfnuous for every P, (), R such that P < () < R, then there are «, 3 such that

aPd(1-a)R<Q=<BPad(1-B)R.

lepgndent for every P, Q, R and every a € (0, 1)

PQ <= aP®(1—a)R=<aQ ® (1 —-a)R,

Then < can be represented by a real valued function, in the sense that

P=Q < ) Plxulx) <) Q@u(z).

reX reX

Proof. See

29
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2.2 de Finetti: comparing outomes

considered the case of bets on canonical space {1,2,---,n}. The set of bet

outcomes is X = {x = (z1, - ,x,)} € R".
Proposition8
Let < denote a preference order on X that is

via] order (complete, transitive and there are @, y such that < y,
ontjnuous for every x, sets {y|xr < y} and {y|y < x} are open

additive for every x, vy, z,
r=1Yy << xrc+zy+z

10onptonic consider @, y such that z; < y, for all 7, then x < y

Then =< can be represented by a probability vector, in the sense that

n n
z=2y < pr<py < Y pixi <> pyi
1=1 =1

30
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Proof. Since x < y means that * — y < 0, the argument here is nothing more

than a separating hyperplane argument, between two spaces,

A={x e X|lx <0} and B={x € X|0 < x}

2.3 Savage Subjective Utility

With von Neuman & Morgenstern, we did focus on probabilities of states of the
world. With de Finetti, we did focus on outcomes in each states of the world.

Savage decided to focus on acts, which are functions from states to outcomes

A=X"={X:Q - X}
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In Savage model, we do not need a probability measure on (2, F), what we need
is a finite additive measure. Function u, defined on F - taking values in R, - is
said to be finitely additive if

(AU B) = u(A) + u(B) whenever AN B = ().

Somehow, o-additivity of probability measure can be seen as an additional
constraint, related to continuity, since in that case, if A;’s are disjoint sets and if

5 )

then with o-additivity,

(A#aB)—M<UA>
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Actually, a technical assumption is usually added: measure p should be

non-atomic. An atom is a set that cannot be split (with respect to ). More

precisely, if A is an atom, then u(A) > 0, and if B C A, then either u(B) =0, or
u(B) = p(A).
Now, given X,Y € A, and S C (2, define

Y(w)ifwesS

XN v itwe s

Proposition9
Let < denote a preference order on A == X! that is

via] order (complete, transitive and there are X, Y such that X <Y,

P2 Forevery X,Y,Z, 7' € Aand S C (),

Sx 28y «— S% XSy,

33
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P3 Forevery Z € A, x,y € X and S C (,

S < g g <y

P4 For every S,T' C 2, and every z,y, z,w € Q2 with x < y and z < w,
S, 3T, — 57 T
P6 Forevery X,Y,Z € A, with X <Y, there exists a partition of 2, {S7, 55, -, 5, }
such that, foralli € {1,2,--- ,n},
(SZ))Z( <Y and X < (SZ)SZ/

P7 Forevery X, Y € Aand S C Q, if foreveryw € S, X <g Y (w), then X <g Y,
and if forevery w € S, Y(w) <g X, thenY <g X.

Then < can be represented by a non-atomic finitely additive measure 4 on w and a
non-constant function X — R, in the sense that

XY <= > uXw)p({w}) <) u(w)u({w})

we) wel
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Notations P2,..., P7 are based on [14]’s notation.

With a more contemporary style,

XY < E,[u(X)] <E,[ul).

2.4 Schmeidler and Choquet

Instead of considering finitely additional measures, one might consider a weaker
notion, called non-additive probability (or capacity, in |5]), which is a function v
on JF such that

(B) whenever A C B

It is possible to define the integral with respect to v. In the case where X is finite

with a positive support, i.e. X takes (positive) value x; in state w;, let ¢ denote
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the permutation so that x,(;’s are decreasingly. Let I; = x,(;) and @0; = wy(y)

EV(X):/XdV:Z[ZTH—@H]V U{(’DJ}

gt

In the case where X is continuous, and positive,

E,(X) = / Xdy = /X (X > )t

(where the integral is the standard Riemann integral).

This integral is nonadditive in the sense that (in general)
E.(X+Y)#E(X)+E,(Y).

Now, Observe that we can also write (in the finite case)

IE,,(X):/Xd:Z:I;i o U@ | - [ Utes

j<i j<i
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There is a probability P such that

P &} ] =v | J{a}

j<i j<i

and thus,

Ep(X) = / XdP

Probability P is related to permutation o, and if we assume that both variables
X and Y are related to the same permutation o, then

E,(X)= /XdIP and E,(Y) = /YdIP’
so in that very specific case,

IE,,(X+Y):/(X+Y)dIP>:/XdIP’Jr/YdIP’:E,,(X)JrE,,(Y).
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The idea that variables X and Y are related to the same permutation means that
variables X and Y are comonotonic, since

(X (w;) — X(wj)] - [Y(ws) — Y (wj)] > 0 for all i # j.

Proposition10
Let < denote a preference order on X'*? that is

viaj order (complete, transitive and there are X, Y such that X < Y,

perjdence for every X, Y, Z comonotonic, and every o € (0, 1),

X=XY <= aXd(l—-a)Z<aY D (1l—-—a)Z

Then < can be represented by a nonatomic non-additive measure v on {2 and a
non-constant function v : X — R, in the sense that

X Y «— Z[Ex(w)u]du < Z[Ey(w)u]du

38
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where Ex o u= Y  X(w)(z)u(z).

reX

Here v is unique, and u is unique up to a (positive) linear transformation.

Actually, an alternative expression is the following

st < [ et @)

2.5 Gilboa and Schmeidler: Maxmin Expected Utility

Consider some non-additive (probability) measure on 2. And define
core(v) = {P probability measure on Q|P(A) > v(A) for all A C Q}

The non-additive measure v is said to me convex if (see [31] and [34]) core(v) # ()

/hdyz min {/ hd]P’}
0O Pecore(v) O

and for every h : ) — R,
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Conversely, we can consider some (convex) set of probabilities C, and see if using

some axiomatic on the ordering, we might obtain a measure that will be the

minimum of some integral, with respect to probability measures. [15] obtained
the following result

Proposition11
Let < denote a preference order on X'*? that is

viaj order (complete, transitive and there are X, Y such that X < Y,
7 aversion for every X, Y, if X ~ Y, then forevery a € (0,1), X faX & (1 —a)Y
perjdence for every X, Y, every constant ¢, and for every o € (0, 1),

XY <= aXd(1l—-a)cxaY & (1 —a)c

Then < can be represented a closed and convex of probability measure C on €2 and a

non-constant function X — R, in the sense that

X RY «— %Ei?{/g[EXM“]dP} < %Eig{/g[Ey(w)u]dP}

40
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2.6 Choquet for Real Valued Random Variables

In the section where we introduced Choquet’s integral, we did assume that X
was a positive random variable. In the case where X' = R, two definitions might

be considered,

The symmetric integral, in the sense introduced by Sipo$ of X with respect to v is
Eus(X) = B, (X})E — v(X_)

where X_ = max{—X,0} and X, = max{0, X}. This coincides with Lebesgue

integral in the case where v is a probability measure.

Another extention is the one introduced by Choquet,

E, (X) = E, (Xy) - Ep(X-)

where 7(A) = 1 — v(A®). Here again, this integral coincides with Lebesgue

integral in the case where v is a probability measure. One can write, for the later
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expression

V(X > x) — 1]dz + /OO v(X > x)dx

2.7 Distortion and Maximum

Definition2

Let IP denote a probability measure on (€2, F). Let ) : [0, 1] — [0, 1] increasing, such
that ¢»(0) = 0 and ¢(1) = 1. Then (-) = v o P(-) is a capacity. If ¢ is concave, then
v = 1 o [P is a subadditive capacity.

Definition3

Let P denote a family of probability measures on (€2, F).Then v(-) = sup{P(-)} is a
PeP

capacity. Further, v is a subadditive capacity and E, (X ) > sup{Ep(X)} for all random

PcP
variable X.
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3 Quantile(s)

Definition4
The quantile function of a real-valued random variable X is a [0, 1] — R function,

defined as
Qx(u) =inf{x € R|Fx(x) > u}

where Fx (x) = P(X < x).
This is also called the upper quantile function, which is right-continuous.

Consider n states of the world, Q = {w1,- - ,wy}, and assume that X (w;) = x;,
1=1,2,--- ,n. Then

Thus, (Qx is an increasing rearrangement of values taken by X.
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Proposition12
For all real-valued random variable X, there exists U ~ U([0, 1]) such that X = Q x (U)

a.s.

Proof. If F'x is strictly increasing
Ex ={z|P(X =z) >0} =10

and F'x as well as () x are bijective, with () x = F)zl and F'xy = Q)_(l. Define U as
U(w) = Fx(X(w)), then Qx(U(w)) = X(w). And U is uniformely distributed

since

P(U < u) =P(Fx(X) <u) =P(X < Qx(u)) = Fx(Qx(u) = u.

More generally, if F'x is not strictly increasing, for all x € £x, define some

uniform random variable U, on {u|Qx(u) = x}. Then define

Uw) = Fx(X(w))1ixw)eext T Ux(w)lix(w)eex)
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Proposition13
If X = h(Y') where h is some increasing function, and if ()y is the quantile function for

Y, then h o () x 1s the quantile function for X,
Qx(u) = Qnoy (u) = h o Qy (u)

The quantile function is obtained by means of regression, in the sense that

Proposition14
() x («) can be written as a solution of the following regression problem

Qx(a) eC argming {E(s,(X — ¢q))} where s, (u) = [a — 1(u < 0)] - w.
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Proposition15
A quantile function, as a function of X, 1s

PO positive, X > 0 implies Q x (u) > 0, Vu € [0, 1].

MO monotone, X > Y implies Qx (u) > Qy (u), Vu € [0, 1].

PH (positively) homogenous, A > 0 implies Qxx (u) = AQx (u), Vu € [0, 1].

TI invariant by translation, & € R implies Qx _»(u) = Qx (X) — k, Vu € [0, 1], i.e.
QX—QX(“) (u) = 0.

IL invariant in law, X ~ Y implies Q x (u) = Qv (u), Vu € [0, 1].




ArRTHUR CHARPENTIER, Risk MEASURES, PHD COURSE, 2014

Observe that the quantile function is not convex

Proposition16
A quantile function 1s neither

CO convex, VA e [0 1] QAX+(1 A)y f )\QX ( — )\)Qy(u) Yu € [O, 1].

SA subadditive, Qx+vy (u) £ Qx(u) + Qy (u) Vu € [0, 1].

Example7
Thus, the quantile function as a risk measure might penalize diversification. Consider a

corporate bond, with default probabilty p, and with return 7 > r. Assume that the loss is
r—r
L+

w if there is a default.

w if there is no default,

Assume that p < u, then
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~

T —7rTr
QX(’UJ)ﬁ—lJrT

and X can be seen as acceptable for risk level w.

w <0

1
Consider now two independent, identical bonds, X; and X5. Let Y = 5 (X1 + Xo). If

we assume that the return for Y satifies 7 € [r, 1 + 2r], then

r—r , r—r
<1 1i.e. w < w.
1+ 1+

+r

Q1ix, 4, (1) 2 % (1 - i_r> > Qx (u).

Thus, if the quantile is used as a risk measure, it might penalize diversification.
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Example8
From [12]]. Since the quantile function as a risk measure 1s not subadditive, it is possible

to subdivide the risk into n desks to minimize the overall capital, 1.e.

inf{ZQXi(u)’ZXi —X}.

If we subdivide the support of X on X = U [z;_1, ;) such that
j=1
P(X € [rj_1,2;)) <a. LetX; = X -1x¢lp, , 2,)- Then P(X; > 0) < a and

QXi(O‘) = 0.
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4 Univariate and Static Risk Measures

The quantile was a natural risk measure when X was a loss. In this section, we
will define risk measures that will be large when —X is large. And we will try to

understand the unlying axiomatic, for some random variable X.

The dual of LP, with the || - ||,-norm is L9, if p € [1,00), and then,

< s,x >=E(sx). As we will see here, the standard framework is to construct
convex risk measures on L°°. But to derive (properly) a dual representation, we
need to work with a weak topology on the dual of L°°, and some lower

semi-continuity assumption 1S necessary.

Definition5
The Value-at-Risk of level v 1s

VaR,(X) = —Qx(a) = Q1_o(—X).
Risk X is said to be VaR-acceptable if VaR, (X) < 0.

More generally, let R denote a monetary risk measure.
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Definition6
A monetary risk measure is a mapping L?(Q, F,P) — R

Definition7
A monetary risk measure R can be

PO positive, X > 0 implies R(X) <0
MO monotone, X > Y implies R(X) < R(Y).
PH (positively) homogenous, A > 0 implies R(AX) = AR(X).
TI invariant by translation, k£ € R implies R(X + k) = R(X) — k,

IL invariant in law, X ~ Y implies R(X) = R(Y).

CO convex, VA € [0,1], RAX + (1 = AY)) < AR(X) + (1 = M)R(Y).

SA subadditive, R(X +Y) < R(X) + R(Y) .
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The interpretation of [TI] is now that R(X + R(X)) = 0.

And property [PH| implies R(0) = 0 (which is also called the grounded property).
Observe that if R satisfies [T1I] and [CO],

R(u+0cZ)=0cR(Z)— p.

Definition8
A risk measure 1s convex if i1t satisfies [MO], [TI] and [CO].

Proposition17
If R is a convex risk measure, normalized (in the sense that R(0) = 0), then, for all
A>0
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Definition9
A risk measure 1s coherent if 1t satisfies [MO], [TI], [CO] and [PH].

If 'R is coherent, then it is normalized, and then, convexity and sub-additivity are
equivalent properties,

Proposition18
If R 1s a coherent risk measure, [CO] is equivalent to [SA]

Proof. If R satistfies [SA] then
RAX+(1-NY)<RAX)+R(1-NY)

and [CO] is obtained by [PH].
If R satistfies [CO] then

R(X +Y)=2R (%X + §Y> < % (R(X) +R(Y))

and [SA] is obtained by [PH].
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Proposition19
If R is a coherent risk measure, then if X € [a, b] a.s., then R(X) € [—b, —a].

Proof. Since X —a > 0, then R(X — a) < 0 (since R satisfies [MO]), and
R(X —a) =R(X)+a by [TI]. So R(X) < —a. Similarly, b — X > 0, so

R(b— X) <0 (since R satisfies [MO]), and R(b— X) = R(—X) — b by [TI]. Since
R is coherent, R(0) =0 and R(—X) = —R(X). SOoR(b—X)=-R(X)—-b<0
ie. R(X) > —b. ]
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Other properties can be mentioned ([E| from [32] and [16])
Definition10

A risk measure is
E elicitability if there 1s a (positive) score function s such that
Els(X —R(X))] <E[s(X —x)] for any x € R
QC quasi-convexity, R(AX + (1 — N)Y) < max{R(X),R(Y)} forany A\ € [0, 1].

FP LP-Fatou property if given (X,,) € LP bounded with, p € [1,00), and X € LP such

that X,, “s X then
R(X) < liminf{R(X,,)}

Recall that the limit inferior of a sequence (u,,) is defined by

liminf z,, := lim ( inf a:m). One should keep in mind that the limit inferior

n— 00 n—oo \ m>n

satisfies a superadditivity property, since

lim inf (uy, + v,) > liminf(u,, ) + lim inf(v,,).
n— o0 n— o0 n—r oo
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4.1 From risk measures to acceptance sets

Definition11

Let ‘R denote some risk measure. The associated acceptance set 1s
Ar ={X|R(X) < 0}.

Proposition20
If ‘R 1s a risk measure satisfying [MO] and [TI]

1. Ax is aclosed set

2. R can be recovered from Ay,
R(X) =inf{m|X —m € Ar}

3. R is convex if and only if Ay is a convex set

4. 'R is coherent if and only if A% is a convex cone
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Proof. (1) Since X =Y < || X — Y||oo, we get that X <Y + || X — Y|, so if we
use [MO] and [T1],
R(X) < R(Y) + [[X = Y|oo

and similarly, we can write

R(Y) < R(X) + || X = Y|,
so we get

RY) =RX)| <X =Yl

So risk measure R is Lipschitz (with respect to the || - ||so-norm, so R is

continous, and thus, Az is necessarily a closed set.

(2) Since R satisfies [T1],

inf{m|X —m € Ag} = inf{m|R(X — m) <0} = inf{m|R(X) <m} =TR.

(3) If R is convex then clearly Ax is a convex set. Now, consider that Az is a
convex set. Let X7, X5 and mqy, my such that X; —m; € Ax. Since Ax is convex,
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for all A € [0, 1],
)\(Xl — ml) + (1 — )\)(XQ — m2) c Ar

R()\(Xl — ml) + (1 — )\)(XQ — mz)) S 0.

Now, since R satisfies [T1],

R()\Xl + (1 — )\)XQ) ~ )\ml + (1 — )\)mg
Ainf{m|X; —m € Ag} + (1 — A) inf{m|Xs —m € A}
AR(X1) + (1 — MR(X5).

(4) If R satisfies [PH] then clearly A is a cone. Conversely, consider that Ax is
a cone. Let X and m. If X —m € Ag, then R(A\(X —m)) <0, and
AMX —m) € Agr so

ROX) < dm < Minf{m|R(X) < m} = \R(X)
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And if X —m ¢ Ag, then R(A(X —m)) > 0, and

R(AX) > Am > Asup{m|R(X) > m} = AR(X)

Example9

Let u(-) denote a concave utility function, strictly increasing, and

R(X) =u ! (E[u(X)]) is the certain equivalent.

The acceptance set is
A={X € L7|E[u(X)] < u(0)}

which 1s a convex set.
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4.2 Representation of L*° risk measures

Let X € L>(Q, F,P).
Let M7 (IP) denote the set of probability measures, M;(P) = {Q|Q < P}, and

M _¢(P) denote the set of additive measures, M; ((P) = {v|v < P}.

Definition12
Let v € My ¢(IP), then Choquet’s integral is defined as

E,(X) /0 (v[X > x| — 1)dx + /OOO v| X > z]dz

— 00

In this section, Q will denote another measure, which could be a probability

measure, or simply a finitely-additive one.

Consider a functional o : M; ¢(P) — R such that inf {a(Q)} € R, then for

QeM ¢ (P)
all Q € Ml,f(P)
R: X — Eg(X) — a(Q)
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is a (linear) convex risk measure, and this property still hold by taking the

supremum on all measures Q € M ¢(P),

R:X+— sup A{Eg(X)—a(Q)}.
QeM;y ¢ (P)

Such a measure is convex, and R(0) = —  inf o) :
0)=—__inf _{a(@)}

Proposition21
A risk measure R 1s convex if and only if

R(X) = QX {Eq(X) — amin(Q)},

where amin(Q) = sup {Eq(X)}.
XeAr

What we have here is that any convex risk measure can be written as a worst
expected loss, corrected with some random penalty function, with respect to
some given set of probability measures.

In this representation, the risk measure is characterized in terms of finitely

additive measures. As mentioned in [? |, is we want a representation in terms of
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probability measures (set M; instead of M ;) additional continuity properties

are necessary.

Proof. From the definitions of ayi, and Agx, X — R(X) € Ar for all X € L.
Thus,

amin(Q) 2 Sup {Eo[X —R(X)]} = Sup {Eq[X] = R(X)}

which is Fenchel’s transform of R in L*° Since R is Lipschitz, it iscontinuous
with respect to the L°° norm, and therefore R** = R. Thus

R(X) S {Eq(X) = R*(X)}

@Z%Eo* {Eg(X) — amin(Q) }

Hence, we get that

amin(Q) = Sup {Eq(X) = R(X)} = Sup {Q(X)}
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To conclude, we have to prove that the supremum is attained in the subspace of

L°°* denoted M ¢(IP). Let p denote some positive measure,

Sup {Eu(X) —R(X)}

but since R satisfies [T1],

R* () = Sup {E.(X —1) - R(X) +1}

Hence, R*(u) = R* () + 1 — p(1), so (1) = 1. Further

R*(1) > E,(AX)—RAX) for A <0

> AE,(X) —R(0) for X <0

so, for all A <0, AE,(X) <R(0) +R*(u), and

E,(X) ATHR(0) + R*(1)), for any A <0,
0.




ARTHUR CHARPENTIER, RiSKk MEASURES, PHD COURSE, 2014

So, finally,

sup  {Eg(X) — amin(Q)},
QeMy ¢ (P)

where anin(Q) = sup {Eq(X)}. To conclude, (i) we have to prove that the
XeARr

supremum can be attained. And this is the case, since M;  is a closed unit ball
in the dual of L*° (with the total variation topoplogy). And (ii) that auiy is,

indeed the minimal penalty.

Let o denote a penalty associated with R, then, for any Q € M; ¢(P) and
X € L™,
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The minimal penalty function of a coherent risk measure will take only two
values, 0 and +o00. Observe that if R is coherent, then, from [PH], for all A > 0,

amin(Q) = Sup {Eg(AX) = R(AX)} = Aamin(Q).

Hence, amin(Q) € {0, 00}, and

R(X) = max {Eq(AX)}
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Proposition22

Consider a convex risk measure R, then ‘R can be represented by a penalty function on
M (P) if and only if R satisfies [FP].

Proof. = Suppose that R can be represented using the restriction of o, on
M (P). Consider a sequence (X,,) of L*>°, bounded, such that X,, — X a.s. From

the dominated convergence theorem, for any Q € M (P),

Eq(X,) — Eg(X) as n — oo,

sup  {Eg(X) — amin(Q) }

QeM (P)

sup { lim Eq(X,) — amin(Q)}

n—oo

QeM (P)

liminf sup {Eq(Xn)— amin(Q)}
n—oo QGMl(P>

liminf R(X,,)

n—oo
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so [FP] is satisfied.

<= Conversely, let us prove that [FP] implies lower semi-continuity with respect

to some topology on L (seen as the dual of L'). The strategy is to prove that

Cr =CN{X € LT[ || X||oc <7}

is a closed set, for all r > 0, where C = {X|R(X) < ¢ for some c}. Once we have
that R is L.s.c., then Fenchel-Moreau theorem can be invoked, R** = R, and
Omin — R*. [l
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Several operations can be considered on risk measures,

Proposition23
If R, and R are coherent risk measures, then R = max{R1, Ro} is coherent. If R;’s

are convex risk measures, then R = sup{R;} is convex, and further, o = inf{a; }.

Proof. Hence

R(X)—sup{ sup {E@<X>—a@-<@>}}— sup  {Eq(X) — inf{as(@)}

1 @GMl,f(]P)) @EMl(P)

[]
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4.3 Expected Shortfall

Definition13
The expected shortfall of level a € (0, 1) is

ESx(a) = —

If P(X = Qx(a)) =0 (e.g. X is absolutely continuous),
ESx(a) = E(X|X > Qx(a))

and if not,

ESx(a) = E(X|X > Qx(a))LEX]X > Ox(@)—Qx (@) (P

(X > Qx(a) 1>

1l — «
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Proposition24
The expected shortfall of level o € (0, 1) can be written

ESx(a )—@gggi{E@( )}

:{@EMl(P)L% é as.}

Hence, we can write

ESx(a) =sup{E(X|A)|P(A) > a} > Qx(a).

Proof. Set R(X) = supgeo.{Eq(X)}. Let us prove that this supremum can be
attained, and then, that R(X) = ESx(«). Let us restrict ourself here to the case
where E(X) =1 and X > 0 (the general case can then be derived, since
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Let P denote the distribution of X, so that

d
sup {Eq(X)} sup {Ep (XLQ = sup {E]p (Y
QeQa QeQq dIP Y €[0,1/a]

1
— sup
& yel0,1,E(Y)=a

The supremum is then attained for

Yo =1x50x(1-a) T Hlx=Qx(1-a)
where k is chosen to have E(Y) = «, since

RO =B (3 ) =B (1) =Ea. ()

84 8%

(see previous discussion on Neyman-Pearson’s lemma). Thus,

dQ, 1

P = o Ixsex(-a) FAlx=qx(1-w)]
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IfP(X =Qx(1—«)), then x = 0; if not,

a—PX >0Qx(1—a))

T T P(X = Qx(1—a)

So, if we substitute,

Eq, (X) (E[X1ix>0x1-ay +a—PX >Qx(1—-a))]Qx(1—a)])
(E(X —Qx(1-0a))+ +aQx (1l —a))

(/:JQX(t) —Qx (1 —a))4dt + aQx (1 - a))

1
E
1
a
1
E
1
E

/11 @x(t)dt = ESx(a).
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Remark3
Observe that if P(X = Qx (1 —«)) =0,1i.e. P(X > Qx(1 — a)) = «, then

ESx(a) = E(X|X > Qx(1 - a)).

Proposition25

If ‘R 1s a convex risk measure satisfying [IL], exceeding the quantile of level 1 — «, then
R(X) > ESx(1— «).

Proof. Let R denote a risk measure satisfying [CO] and [IL], such that
R(X)>Qx(1—a). Givene >0,set A={X > Qx(1—«a)—¢} and

Y = X1 4¢ —|—E(X|A)1A.

Then Y < Qx(1—a) —e <E(X]|A) on A%, so P(Y > E(X|A)) = 0. On the other
hand,

P(Y > E(X]A)) =2 P(4) > a,
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so with those two results, we get that Qy (1 — a) = E(X|A). And because R
dominates the quantile, R(Y) > Qy (1 — a) = E(X|A). By Jensen inequality

(since R is convex),

E(X[|Qx (1-a)+e)

for any € > 0. If € | 0, we get that

R(X) Z ESX(l — CE).
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4.4 Expectiles

For quantiles, an asymmetric linear loss function is considered,

alt] if t >0

ha(t) = [a = Licol - [t] = |
(1I-a)|t] if t <O

For expectiles - see [27] - an asymmetric quadratic loss function is considered,

at? ift>0

ho(t) = o — 1s<o| - t2 =
(1-a)t? if t <0

Definition14
The expectile of X with probability level a € (0, 1) is

ex(e) = argmin {E [a(X — )} + (1~ a)(e - X)2 +]}

The associated expectile-based risk measure is R, (X) = ex(a) — E(X).




ARTHUR CHARPENTIER, RiSKk MEASURES, PHD COURSE, 2014

Observe that ex («) is the unique solution of

Further, ex(«) is subadditive for o € [1/2,1].

As proved in [20], expectiles are quantiles, but not associated with F'x,

P(X =z) —zFx(x)
2[P(X =) — 2 Fx(x)] + (v — E(z))

G(z) =

A={Z|Ep[(a — 1)Z_ 4+ aZ,] >0}

eq(X) =max{Z|Z — X € A}

Further

o(X) = min{E
ea(X) = min{Eq(x }
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d 1—
S = @’there is 8 > 0 such that g < dQ < Oéﬁ
dP o)

When a@ — 0, Fo(X) — essinfX.
Let v = (1 — )/, then e, (X) is the minimum of

Lie,1] + B1io,4)
1+ (y—1)e

1
GH/ Qz(u)du with Z =
0

Let () = - =, —1

subadditive capacity. And the expectile can be represented as

E.(X) = inf { /0 1 ESU(X)V(du)}

. f is a convex distortion function, and foP is a

Qes

s={al [ % <sqp},

U
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Observe that X — FE,(X) is continuous. Actually, it is Lipschitz, in the sense
that

|Ea(X) = Ea(Y)] < %UE{E@(IX —Y|)} <AlIX = Yvert,.
c

Example10
The case where X ~ £(1) can be visualized on the left of Figure |3} while the case
X ~ N(0,1) can be visualized on the right of Figure
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—— Expectiles —— Expected Shorfall

—— Quantiles e Expec_tiles
—— Quantiles

Figure 3: Quantiles, Expected Shortfall and Expectiles, £(1) and N (0, 1) risks.




ARTHUR CHARPENTIER, RiSKk MEASURES, PHD COURSE, 2014

4.5 Entropic Risk Measure

The entropic risk measure with parameter o (the risk aversion parameter) is
defined as

Ro(X) = élog (Ex[e™]) = sup {E@[—X] - %H(QHP’)}

d d
where H(Q|P) = Ep [d%log d(I%

One can easily prove that for any Q < P,

] is the relative entropy of Q < P.

H(Q|P) = sup {E@(—X) — élogE(e_O‘X)}

XeLe®

1 dQ

and the supremum is attained when X = —— log ok
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Observe that
d@X 6_7X

AP~ E(e—X)

which is the popular Esscher transform

Observe that the acceptance set for the entropic risk measure is the set of payoffs
with positive expected utility, where the utility is the standard exponential one,
u(z) =1 — e~ *", which has constant absolute risk aversion, in the sense that

_u//(a,;)

W :OéfOI' any I.

The acceptance set is here

A={X € LP[E[u(X)] > 0} = {X € LP|Ep [e ] < 1}
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5 Comonotonicity, Maximal Correlation and

Optimal Transport

Heuristically, risks X and Y are comonotonic if both suffer negative shocks in the
same states w € (1, so it is not possible to use one to hedge the other. So in that
case, there might be no reason to expect that the risk of the sum will ne smaller
than the sum of the risks (as obtained with convex or subadditive risk measures).

5.1 Comonotonicity

Definition15
Let X and Y denote two random variables on 2. Then X and Y are comonotonic
random variables if

X (w) = X(@)] [V (@) = Y(&')] = 0

for all w,w’ € €.
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Proposition26

X and Y are comonotonic if and only if there exists Z, and f, g two increasing functions
suchthat X = f(Z)and Y = g(Z).

Proof. Assume that X and Y are comonotonic. Let w €  and set x = X (w),
y =Y (w) and z = Z(w). Let us prove that if there is w’ such that
z = X(w") 4+ Y(w), then necessarily z = X (w') and y = Y ().

Since variables are comonotonic, X (w’') — X(w) and Y (w’) — Y (w) have the same
signe. But X (w') + Y(w') = X(w) + Y (w) implies that
X(w)—Xw)=-Y(W)—-Y(w)]. So X(v) - X(w) =0, ie z=X(w')and

y =Y (W).

So z has a unique decomposition x + y, so let us write z = x, + y,. What we

need to prove is that z — x, and z — vy, are increasing functions.

Consider wy and ws such that

X(wl) + Y(wl) = 21 S 29 = X(Cdg) + Y(wg)
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Then
X(w1) = X(w2) < —[V(w1) = Y(w2)].

If Y(wi) > Y(ws), then

X (w1) = X(w2)] - [Y(w1) = Y (w2)] < —[Y(w1) = Y(w2)]* <0,

which contracdicts the comonotonic assumption. So Y(w1) < Y(wsz). So 21 < 29
necessarily implies that y,, <4y.,, i.e. 2+ vy, is an increasing function (denoted g
here). ]

Definition16

A risk measure R 1s

CA comonotonic addive if R(X +Y) = R(X) + R(Y) when X and Y are

comonotonic.

Proposition27

VaR and E S are comontonic risk measures.
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Proof. Let X and Y denote two comonotone random variables. Let us prove that
Qx1y(a) =Qx(a) + Qy(a). From the proposition before, there is Z such that
X = f(Z) and Y = g(Z), where f and g are increasing functions. We need to
prove that h o ()7 is a quantile of X + Y, with h = f + g. Observe that

X 4+Y = h(Z), and that h is increasing, so

Fxyy(hoQz(1)) P(h(Z) < hoQz(t) =2 P(Z < Qz(1))

Fz(Qz(t) 2t 2 P(Z < Qz(t)) 2 Fxiv(hoQz(t)”).

From those two inequalities,

Fxiv(hoQz(t) >t > Fxyy(hoQz(t)")

we get that, indeed, h o Q7 is a quantile of X + Y.
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Further, we know that X = Qx(U) a.s. for some U uniformly distributed on the

unit interval. So, if X and Y are comonotonic,
X = f(Z) =Qx(U)
Y =9(2) =Qy(U)

So if we substitute U to Z and ) x + QQy to h, we just proved that
(Qx +Qy)old=Qx + Qy was a quantile function of X + Y.

with U ~ U([0, 1]),

5.2 Hardy-Littlewood-Polya and maximal correlation

In the proof about, we mentioned that if X and Y are comonotonic,

X = f(2) =Qx(U)

with U ~ U(0, 1]),
Y =4(2) =Qy(U)

i.,e. X and Y can be rearranged simultaneously.
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Consider the case of discrete random variables,

X e{ry,xo,- -,z with 0 <z <y <+ <z,

Y e{y,yo, s ynt with 0 <y <gyo <--- <y,

Then, from Hardy-Littlewood-Polya inequality

Tiy; =  Inax TilYo (i) ¢ s

which can be interpreted as : correlation is maximal when vectors are

simultaneously rearranged (i.e. comonotonic). And similarly,

TiYn+1—i =  1nin TilYs(i) ¢ s
; Yntl ceS(1,---,n) {; 4 ()}

The continuous version of that result is
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Proposition28

Consider two positive random variables X and Y, then

/0 Qx(1 - w)Qy (w)du < E[XY] < / O () Qy ()

Corollary
LetY € L° and X € L! on the same probability space (€2, F,P), then

}I?&X{E[XY]} E[Qx (U /QX )Qy (u

Proof. Observe that

{% (-E[X - Y] +E[X?] + ]E:[W])}
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- E[X2]+E[Y?] 1 .
max{E[XY]} = X BT L inf {E[X —Y]*}
VY \ 2 ) 2 Y~y

—=constant

7

~N"

infg y {|X=Y|2}

More generally (|26]), for all convex risk measure, invariant in law,

RIX+Y)<R@Qx(U)+Qy(U) = sup {R(X+Y)}

Definition17

A risk measure R 1s

SC strongly coherent if R(X +Y) = sup {R(X+Y)}
X~X,Y~Y
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Proposition29
If a risk measure ‘R satisfies [CO] and [SC] then'R satisfies [PH].

Proposition30

Consider a risk measure R on LP, with p € |1, co]. Then the following statements are

equivalent

e R 1s lower semi-continous and satisfies [CO] and [SC]
e R is lower semi-continous and satisfies [CO], [CI] and [LI]

e R 1s a measure of maximal correlation: let

Q € MI(P) = {@ e M (P) :

then, for all X,
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Example11

d
ES, is a Rg-risk measure, with d% ~U(1—a,l).

5.3 Distortion of probability measures

There is another interpretation of those maximal correlation risk measures, as
expectation (in the Choquet sense) relative to distortion of probability measures.
Definition18

A function ¢ : [0, 1] — [0, 1], nondecreasing and convex, such that 1)(0) = 0 and

(1) = 11is called a distortion function.

Remarkb

Previously, distortion were not necessarily convex, but in this section, we will only

consider convex distortions.
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Proposition31
If IP is a probability measure, and v a distortion function, then C' : F — |0, 1] defined as

V(A) = o P(A)

1s a capacity, and the integral with respect to v 1s

—+ 00

EV(X):/XCZV:/_O Yo P(X >x) —1]dx + ) YoP(X > x)dx

The fundamental theorem is the following : maximal correlation risk measures
can be written as Choquet integral with respect to some distortion of a

probability measures.
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5 COMONOTOLI

Assume that X is non-negative, and let

Ro(X) = max { BCXY) | ¥ ~ 2 | = / Ox(t

but since
(1 —1) = Qua(t)

we can write
/QX "(1—t)dt = /zpl—t Qd@()

by integration by parts, and then, with ¢t = Fx(u) = Q% u),

/wl—FX du—/ ¥ [P(X > )] du

which is Choquet’s expectation with respect to capacity ) o P.

Thus,
Ro(X) = max {E(XY) 'Y ~ Z%}
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is a coherent risk measure, as a mixture of quantiles, it can be written using a set

of scenarios Q,
Ro(X) = max {E4(X) | Q € @ ={Q e M{(P: RH(Q) =0)}}
where R@(@) = sup {IE — Ro(X)}.

XelLr

Observe that R@(Q) = 0 means that, for all X € LP, Eg(X) < Rg(X), i.e., for
all A, 1 oP(A) > Q(A). Thus,

RQ(X)—maX{E ]Q<¢OIP’}

where 1) is the distortion associated with @, in the sense that

Y(1— 1) = Quo (1)
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Example12
Let X € LP, then we defined
dQ

Ro(X) = sup {ECX )| v ~ 2

In the case where ;
X ~N(0,02) and d% ~ N(0,02)

Ro(X) =0, -0y

From Optimal Transport results, one can prove that the optimal coupling

sup {E(XV)}

is given by E(Vf(Y)Y), where f is some convex function. In dimension 1, the
quantile function @ x (which yields the optimal coupling) is increasing, but in
higher dimension, what should appear is the gradient of some comvex function.
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5.4 Optimal Transport and Risk Measures

Definition19

A map T : G — H is said to be a transport map between measures 1 and v if

v(B) = (T~H(B)) = Tyu(B) for every B C H.

/ o[T())dpu(x) = / olyldv(y) for all ¢ € C(H).
E

E
Definition20

A map T : G — H is said to be an optimal transport map between measures p and v, for

some cost function c(-, -) if

T € argmin { [; c(m,T(m))du(x)}

T,T#,u:I/

The reformulation of is the following. Consider the Fréchet space F(u,v).
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Definition21

A transport plan between measures y and v if a probability measure in F (u, V).

Definition22

A transport plan between measures 1 and v 1f said to be optimal if

v € argmin {// <i$,yﬁ*ﬂﬁay)}
YEF (1v) LJGXH

Consider two measures on R, and define for all x € R

T(:C) — %Iellg{y((_oov t]) > ,LL((—OO, .CE])}

T' is the only monotone map such that Ty = v.
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6 Multivariate Risk Measures

6.1 Which Dimension?

In this section, we consider some R? random vector X. What could be the risk of

that random vector? Should it be a single amount, i.e. R(X) € R or a
d-dimensional one R(X) € R%?

6.2 Multivariate Comonotonicity

In dimension 1, two risks X; and X5 are comonotonic if there is Z and two

increasing functions ¢g; and gy such that
X1 = gl(Z) and X2 = gg(Z)
Observe that

E(X12) = nax (E(X,2)} and E(X,2) = Inax (E(X,2)}.
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For the higher dimension extension, recall that E(X -Y) =E(XY ")
Definition23

X1 and X5 are said to be comonotonic, with respect to some distribution x if there 1s
Z ~ p such that both X' and X5 are in optimal coupling with Z, 1.e.

max {E(X; -2)} and E(X5-Z)= max {E(X,-2)}.
XlNX1 XQNXQ

Observe that, in that case
E(X1-Z)=E(Vfi(Z)-Z) and E(X; - Z) =E(V[2(Z) - Z)

for some convex functions f; and f5. Those functions are called Kantorovitch
potentials of X; and X, with respect to pu.

Definition24

The p-quantile function of random vector X on X = R?, with respect to distribution p
is Qx = V[, where f is Kantorovitch potential of X with respect to p, in the sense that

E(X - Z) = max {E(X,-2)} =E(Vf(2)-2)
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Example13

Consider two random vectors, X ~ N (0,2 x)and Y ~ N (0,Xy), as in [9]. Assume
that our baseline risk is Gaussian. More specifically, i has a N (0, X¢;) distribution.

Then X and Y are p-comonotonic if and only if

B(X -Y) =3 23/ Sx 3] 2 sy 37 2 s 2

To prove this result, because variables are multivariate Gaussian vectors, X and Y are

p-comonotonic if and only if there is U ~ N (0, X¢/), and two matrices Ax and Ay

suchthat X = AxU and Y = Ay U. |

30

| proves that mapping u — Awu with

/I Sl ) SHAD S SRS VA it

will tranform probability measure A (0, 3;;) to probability measure N (0, X).
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Conversely, define
U=A,Xand U = A4,'Y

Clearly, U ~ N (0, X), as well as V. Observe further that

E(U V) =AVE(X -Y)A; =5, =%,/°%/?

so by Cauchy-Scharz, U = V', a.s. So X and Y are p-comonotonic.

In the case where p has a AV (0, I) distribution, X and Y are p-comonotonic if and only
if
E(X Y)=xY/’%l/?

But this is not the only was to define multivariate comontonicity.
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6.3 m-Comonotonicity

Following [29], inspired by multivariate rearrangement introduced in [36] or [25],

one can befine m-comonotonicity,

Definition25

X1 and X5 are said to be m-comonotonic, if there 1s Z and some increasing functions

91,1, ,91.d» 92,1, -+ , 92,4, such that

(X1, X2) = ([g11(X11), - 91,a(X1,a)]5 92,1 (X2,1), -+ 5 92,a(X2,a)])

6.4 Properties of Multivariate Risk Measures

More generally, let R denote a multivariate risk measure.

Definition26

A multivariate risk measure is a mapping L?¢(Q, F,P) — R
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Definition27

A multivariate risk measure ‘R can be

PO positive, X > 0 implies R(X) <0

MO monotone, X > Y implies R(X) < R(Y).

PH (positively) homogenous, A > 0 implies R(AX) = AR(X).
TI invariant by translation, £ € R implies R(X + k1) = R(X) — k,
IL invariant in law, X ~ Y implies R(X) = R(Y).

CO convex, VA € [0, 1], RAX + (1 = N)Y) < AR(X) + (1 = M)R(Y).
SA subadditive, R(X +Y) < R(X) + R(Y).

One should keep in mind that [LI| means that
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If R is a convex lower semi-continuous risk measure, then

R(X) = sup {E(X-Y)-R*(Y)}

where R* is the Fenchel transform of R, for some set Q.
Definition28

A multivariate risk measure R on LP¢ is
SC strongly coherentif R(X +Y )= sup
X~X,Y~NY

MC a maximal correlation measure if

for some ).
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6.5 p-Comonotonicity and Strong Coherence

Even if the extention is not unique, the concept of p-comonotonicity seems to be
the natural extension of what we obtained in the univariate case,

Proposition32
Let R denote a multivariate convex risk measure on LP-%, the following statements are

equivalent

e R is strongly coherent
e R 1s u-comonotone additive (for some u) and invariant in law

e R 1s a maximal correlation measure

Proof. As mentioned in the previous section, since R is a convex lower

semi-continuous risk measure, then

R(X) = }S}él;]{E(X YY) -R*(Y)}
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where R* is the Fenchel transform of R, for some set ).

Let us prove that [SC] implies [MC]. If R satisfies [SC], then it satisfies [LI], and

;UI;{R(X)} = sup {;HI;({E(X YY) - R*(Y)}}

Observe that the penalty function R* satisfies [LI] since

RU(Y) = sw (B(X-Y)-R(X)}
cLP

sup ¢ sup {E(X-Y) - R(X)

XeLrd | X~X

/
( )

sup ¢ sup {E(X-Y)-R(X)
XeLrd | X~X

-, /

WV
maximal correlation

(the maximal correlation satisfies [LI]).
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Observe that

R(X) = sup {E(X -¥) ~R*(Y)}

can be writen

x _ dQ
R(X) = SES{R@(X) — R*(Y)} where Q = {Q‘d—P € y}

Recall that in the univariate case,

Ro(X) = [ Qx(0Qg (1

Conversely, let us prove that [MC]| implies [SC]. Consider here X and Y that are
f-comononotone, i.e. there is Z ~ p such that

E(X -Z)= sup {E(X - Z)}

E(Y - Z) = sup {E(Y - Z)}
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As discussed previously, it means that there are convex functions fx and fy such
that X = Vfx(Z)and Y =V fy(Z) (a.s.). So X +Y =V (fx + fy)(Z),
fx + fy being a convexe function lower semi-continuous. So X + Y is

comonotonic with both X and Y. Thus, we can write

E(X+Y)-Z] = sup{E[(X +Y) - Z]} =R(X +Y)

Z~Z

E[(X +Y)-Z] = sup{E[X - Z]} + sup {E[Y - Z]} = R(X) + R(Y)

which means that R satisfies [SC].
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Example14

Example|12|can be extended in higher dimension.

R@(X):SUP{E(X-YHYN Ccll%}

X ~N(0,3,) and CZZ% ~ N(0,3X,).

In that case

Ro(X) = trace ([2§/22x2;/2]1/2)

For instance, if

d
X ~N , andﬁw./\/'(o,ﬂ).
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Example15

In example|14|we were solving

Ro(X) =sup{E(X -Y)|Y ~Y }

with X ~ N(0,¥,) and Y ~ N(0, 3, ), which mean minimizing transportation cost,

with a quadratic cost function. The general solution is
E(Vix(Y)-Y)

Thus, here

Vix(¥) = 57V (/28,5112 57V
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6.6 Examples of Multivariate Risk Measures

In the univariate case, the expected shortfall FSx («) is the maximal correlation
measure associated with a baseline risk U ~ B(1 — «, 1).

In the multivariate case, one can define ESx (a) as the maximal correlation

measure associated with a baseline risk U ~ B(1 — «, 1). More specifically,
P(U =0) = a while P(U =1) =1 — a. Define

f(x) = max {x'1l—c},

c,P(XT1>c)=a

then f is a convex function, V f exists and pushes from the distribution of X to

the distribution of U. Thus, the maximal correlation is here

E (.XT]_ : 1{XT].ZC}> .

Actually, the maximal correlation risk measure is the univariate expected
shortfall of the sum,
ESX (Oé) = ESXTl (oz)
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7 Dynamic Risk Measures

As we will see in this section, dynamic risk measures should - somehow - be
consistent over time: what is preferred at time ¢ should be consistent with what
is preferred at another time s # t). A strong time consistency concept will be
related to the dynamic programming principle. In continuous time, such risk
measure will be obtained as solutions of some backward stochastic differential

equation.

Dynamic risk measures, in discrete or continuous time, will simply denote
sequences of conditional risk measures, adapted to the underlying filtration. So

the first step will be to characterize those conditional risk measures.
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7.1 Conditional Risk Measures

Let G C F denote a sub-o-algebra.
Definition29

A conditional risk measure can satisfy
G-TI For any X € L*° and K € ¥.°° -G-measurable, R(X + K) =R — K.
G-CV Forany X,Y € L*> and A € 1.°° -G-measurable, with A € [0, 1],

RAX 4+ (1 —A)Y) = AR(X) + (1 — MR(Y).

G-PH For any X € L* and A € §.°° -G-measurable, with A > 0, R(AX) = AR(X).

Definition30

R is a G-conditional convex risk measure if it satisfies [MO], G-conditional [TI] and
[CV], and R(0) = 0. R is a G-conditional coherent risk measure if it is a G-conditional

convex risk measure that satisfies G-conditional [PH].
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A risk measure is said to be representable if

R(X) = esssup {—Eq(X|G) — a(Q)}
QePg

where « is a random penalty function, associated to R.

If 'R is G-conditional convex risk measure, it can be represented using

a(Q) = esssup {-Eo(X €]9) - R(X)}

If RisaG—conditionalcoherentriskmeasure, itcanberepresentedasR(X) =

esssup{ —Eq(X|G) }whereQg = {Q € Pg|Eq(X|G) > —R(X) for all X € L*>}.

QeQg
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7.2 On which set(s) of measures will we work with?

In the static setting, we considered random variables defined on probability space
(Q2, F,P). From now on, we will consider adapted stochastic processes X = (X;)
on the filtered space (2, F, (F;),P)

The || - ||oo norm on (Q, F, (F;),P) is defined as
| X ||oo = inf{m € R| sgp{\Xﬂ} < m}.

Let L™ denote the set of all bounded adapted stochastic processes, in the sense

that
L% = {X][|X||oc < o0}

We now need to extend the form < X, s >= E(Xs) defined on L>° x L' on the

set of stochastic processes. Set

< X,S >—= ]E <ZXtAa’t> = XOCLO —|—X1(CL1 — ao) —|—X2(a2 — al) -+ ...
teN
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This will be used when considering risk evaluation at time 0, but it might be
interesting to evaluate risk at some time 7 (which can be deterministic, or some

stoping time). In that case, define

< X, S >, = K (Z XtAat‘JTT>

t=71
It is then possible to define

L ={X = (0,0, - ,0, X, Xri1, - )|[|X]|cc < c0}.
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7.3 Dynamic Risk Measure

Definition31

. . . . (X) .
A dynamic monetary risk measure is a sequence of mappings R, = (R¢)¢>-, on L7 is

a conditional monetary risk measure 1f

MO If X <Y,thenR,(X)>R,(Y)
-RG If Ae F.thenR,(14X) =14 - R,(X) (regularity condition)

--TI If K € L is F, measurable, then R (X + K) =R, (X) — K

Observe that [F,-RG] is actually equivalent to R,(0) = 0. This condition is
weaker than the [F.-PH]| property.
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Definition32

A dynamic monetary risk measure is a sequence of mappings R, = (R¢)¢>-, on L° is
a dynmaic convex risk measure if it satisfies [MO], [ F--RG], [F--TI] and

--CV If A € [0, 1] is F, measurable, then

R(AX +(1—A)X) < AR, (X)+ (1 - AR(Y)

Definition33

A dynamic monetary risk measure is a sequence of mappings R, = (R¢)¢>-, on L° is
a dynamic coherent risk measure if it satisfies [MO], [F--RG], [F--T1], [F--CV] and

--PH If A € Loo is positive, and F,-measurable, then R, (A - X) = A - R, (X)

Finally, from a dynamic risk measure, it is possible to extend the concept of

acceptence set.
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Definition34
Given a dynamic monetary risk measure R, = (R¢)¢>-, on L2°. An (F;)-adapted

stochastic process X is considered acceptable if

X € Ar. with Agr_ = {X|R.(X) < 0}

Based on those definition, it is possible to get a representation theorem for

dynamic convex risk measures, following [4] and [11]. Define

Q, ={Z — (F;) —adapted | < 1,Z >,=1}

called set of (F;)-adapted density processes.
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Proposition33
A dynamic convex risk measure R that is continuous from above (its acceptence set

AR - is closed) can be representes as follows,

RT(X) — Sup {< X7Z >r _amin,T(Z)}
VA

where the minimal penalty is defined as

Ominr(Z) = sup {<Y,Z >,}
YE.A'RT

7.4 On time consistency

In order to get a better understanding of what time consistency could mean,

consider the following example.
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Example16
Assume that, at time ¢,

Ri(X) = estesgp{E@—X [ Fu)}

where Q is a class of probability measures, i.e. @ C M (IP). Here, a worst case scenario
is considered, in the sense that if Z{Q is the random variable Eq(—X|Fy,), then the
essential supremum is the smallest random variable Z such that P(Z > Z;Q) = 1 for all

Qe o.

We have a two period binomial tree - see Figure[4] It is a simple Heads & Tail game.
After 2 Heads or 2 Tails, the payoff is +4, while it is —5 with 1 Head and 1 Tail. There
are two probabilities, considered by the agent, Q = {Q1, Q2 }. Observe that

EQi<*> =0 for ¢ = 1,2.

There is no worst case, for all probabilities in Q, the expected payoff is the same. So,
the agent should accept the risk at time 0. Assume that at time 1 the agent wants to
re-evaluate the riskiness of the game. The strategy will be to consider conditional
probabilities.
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If we went up from time O to time 1, then

e under Q;: Eq, (—*) = —1

e under Qq: Eq, (—*) = 42
and if we went down from time 0 to time 1, then

e under Q;: Eqg, (—) = 42

e under Qs: Eg, (—*) = —1

So, the worst case scenario 1s that the risk 1s +2. Hence, for both knots - 1.e. whatever
happened at time 1 - the agent should reject the risk.

This 1s somehow inconsistent.
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Figure 4: Time insconsistency, with a two period binomial model, an some worst

case scenarios over @ = {Q1,Qs}.
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Definition35
A dynamic monetary risk measure R = (R;) is said to be (strongly) time consistent if

for all stochastic process X and all time ¢,
Ri(X) =Ry(X -1pp7) — RAX) - 117 o))

where 7 is some JF;-stopping time.

We have here the interpretation of the previous exemple: the risk should ne the

Samme

e with a direct computation at time ¢

e with a two step computation, at times ¢ and 7

Further, as proved in
Proposition34

The dynamic risk measure R, 1s time consistent if and only if

AR[t,T} — AT\’,[t,T} _'_ AR[’T,T]
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A weaker condition can be obtained, to characterize time consistency

Proposition35
A dynamic monetary risk measure R = (R;) is said to be (strongly) time consistent if

for all stochastic process X and all time ¢,

Rt(X) — Rt(X : 1{t} - Rt+1(X> : ]-[t—l—l,oo))

Proof. Let us prove it assuming that ¢ € {0,1,...,T}. Consider some stochastic

process X and define

Y — X . 1[t,7-] - RT(X) : 1[’7‘,00)

When t =T, then R:(X) = R+(Y ). Let us now consider some backward
induction. One can write - using the recursive relationship and the |TT1]
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assumption,

R(Y) Ri(—17=ty Re( X)Lt o0) + 172011 Y)
L=y Re(X) + 175413 Re(Y)
Lty Re(X) + Lrzery Re(Y 1y — Reqa (V) 1ps1 o)
Ly Re(X) + 1rz ey Re(X Ly — Req1(X)Lps1,00))

R(X)

In the case of time consistent convex risk measure, it is possible to express the

penalty function using some concatenation operator, see [4]
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7.5 Entropic Dynamic Risk Measure

As discussed previously, the entropic risk measure is a convex risk measure,

related to the exponential utility, u(z) = 1 — e~ 7*. Define the realteive entropy -

corresponding to the popular Kullback-Leibler divergence - of Q with respect to
P, with Q < P, defined as

H(QIP)=E (@ log @) = Eg (log @>

dP dP dP

Such a function can be a natural penalty function. More specifically, consider

1
a(Q) = ;H(Q\P)

that will penalize for risk aversion. Thus, in the static case, the entropic risk

Imeasure was

RO = sup {Eo(-X) - ~H(QIP)}.

QeM (P)
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Following [8], define

1
Ri(X) = S log E(e™ " | F)

Proposition36

The dynamic entropic risk measure 1s a dynamic convex measure that is (strongly) time

consistent.

Proof. Observe that

1 X logE[e ¥ 1
Ri(—Ri41(X)) S log E (ew log IE[ | Fet ]‘]:t>

1 logE (E (6_7X ’ft—i—l) ’Uertft)

/y A\ ~~ J
=logE(e="XvertF;)

so we recognize R (X).
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